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PRELIMINARY CHAPTER. 

1. Hechsmics treats of the nuitnal actions and relative mo- 
tions of material bodies, solid, liquid, and gaseons; and by 
Mechanics of Engineering is meant a presentment of those 
principles of pure mechanics, and their applications, which are 
of special service in engineering problems. 

• 2. Kind, jf Quantity. — Mechanics involves the following 
fundamental kinds of quantity : Space, of one, two, or three 
dimensions, i.e., length, surface, or volume, respectively ; time, 
which needs no definition here; force and maiMEi, as defined be- 
low; and abstract numbers, whose values are independent of 
arbitrary units, as, for example, a i-atio. 

8. Force. — A force is one of a pair of equal, opposite, and 
simultaneous actions between two bodies, by which the state 
of their motions is altered or a change of foi-m in the bodies 
themselves is effected. Pressure, attraction, repulsion, and 
traction are instances in point. Muscular sensation conveys 
the idea of force, while a spring-balance gives an absolute 
measure of it, a beam-balance only a relative measure. In 
accordance with Newton's third law of motion, that action and 
reaction are equal, opposite, and simultaneous, forces always 
occur in pairs; thus, if a pressure of 40 lbs. exists ^ -'^n 
bodies A and B^ if A is considered by itself (i.e., 
apart from all other bodies whose actions upon it » 
forces, among these forces will be one of 40 Ibfr 
B toward A. Similarly, M B \& under consid 
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of 40 lbs. directed from A toward B takes its place among tlie 
forces acting on B. This is the interpretation of Newton's 
third law. 

In conceiving of a force as applied at a certain point of a 
body it is useful to imagine one end of an imponderable spiral 
spring in a state of compression (or tension) as attached at the 
given point, the axis of the spring having the given direction 
of the force. 

4. Haas is the quantity of matter in a body. The masses of 
several bodies being proportional to their weights at the same 
locality on the earth's surface, in physics the weight is taken 
as the mass, but in practical engineering another mode is used 
for measuring it (as explained in a subsequent chapter), viz.: 
the mass of a body is equal to its weight divided by the ac- 
celeration of gravity in the locality where the weight is taken, 
or, symbolically, Jf = (r-r-ff. This quotient is a constant 
quantity, as it should be, since the mass of a body is invariable 
wherever the body be carried. 

6. Derived Quantities. — ^All kinds of quantity besides the 
fundamental ones just mentioned are compounds of the latter, 
formed by multiplication or division, such as velocity, accele- 
ration, momentum, work, energy, moment, power, and force- 
distribution. Some of these are merely names given for 
convenience to certain combinations of factoi-s which come 
together not in dealing with fii-st principles, but as a result of 
common algebraic transformations. 

6. Homogeneous Equations are those of such a form that they 
ai'e true for any arbitrary system of units, and in which all 
terms combined by algebraic addition are of the same kind. 

Thus, the equation s = ~ (in which g = the acceleration of 

gravity and t the time of vertical fall of a body in vacuo, 
from rest) will give the distance fallen through, s whatever 
units be adopted for measuring time and distance. But if for 
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g we write the ntiraerical valae 32.2, which it assumes when 
time is meastired in seconds and distance in feet, the equation 
s = 16.1^ is true for those nnits alone, and the equation is not 
of homoijeneous form. Als^ebraic combination of homoffoneous 
equations should always produce homogeneous equations ; if 
not, some error has been made in the algebraic work. If any 
equation derived or proposed for practical use is not homogene- 
ous, an explicit statement should be made in the context as to 
the proper units to be employed. 

7. Heayiness. — By heaviness of a substance is meant the 
weight of a cubic unit of the substance. E.g. the heaviness of 
fresh water is 62.5, in case the unit of force is the pound, 
and the foot the unit of space; i.e., a cubic foot of fresh 
water weighs 62.5 lbs. In case the substance is not uniform 
in composition, the heaviness varies from point to point. If 
the weight of a homogeneous body be denoted by G, its volume 
by Vy and the heaviness of its substance by y, then G = Vy. 

Weight in Poxjiidb op a Cubic Foot (i.e., the heaviness) of various 

MATERIALa 



Anthracite, solid 100 

" broken 57 

Brick, common hard 125 

" soft 100 

Brick- work, common 112 

Croncrete 125 

Earth, loose 72 

•* as mud 102 

Granite 1«4 to 172 

Ice 58 

Iron, cast 450 

wrought 480 



<( 



Masonry, dry rubble 188 

" dressed grauite or 

limestone 165 

Mortar 100 

Petroleum 55 

Snow 7 

" wet 15 lo 50 

Steel 490 

Timber 25 to 60 

Water, fresh 62.5 

" sea 64.0 



8. Specific Gravity is the ratio of the heaviness of a material 
to that of water, and is therefore an abstract number. 

9. A Haterial Point is a solid body, or small particle, whose 
dimensions are practically nothing, compared with its range of 
motion. 
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10. A Eigid Body is a solid, whoso distortion or diange of 
form uniier any systein of forces to be brought upon it In 
practice is, for ccrtaia pnrposes, iiisensible, 

11. Eq^uUibrium. — When a Eystem of forces applied to a 
body produces the same effect as if no force acted, so far as 
the state of motion, of the body is concerned, they are said to 
be balanced, or to be in ei^uilibrium. 

12. Dirision of the Subject.— iS^-ai/c* will treat of bodies at 
rest, i.e., of balanced forces or equilibriitin ; dynamics, of 
bodies in motion ; sb-ength qf material wiW treat of the effect 
of forces in distorting; bodies ; hydraulics^ of the ineohanica 
of liqnids ; pneumatics, of the mechanics of gases. 

13. Paj&llelc^^m of Forces. — Dncliayla's Proof. To fully 
dcterininu a force we must have given its amount, its direc- 
tion, and its point of application in the body. It is generally 
denoted in diagrams by an arrow. It is a matter of experience 
tiiac besides tlie point of application already spoken of any 
other may be cliosen in the line of action of the force. This 
is called tlio transnilssibiiity of foi-co ; i.e., so far as the state of 
motion of the body is concerned, a force may be applied any- 
where in its tine of action. 

The Beioltant of two forces (called its components) applied 
at a point of a body is a single force applied at the same point, 
which will replace them. To prove that this resultant is given 
in amount and position by tlie diagonal of the parallelogram 
formed on the two given forces (conceived as laid off to some 
scale, BO many pounds to the inch, say), Dnohayla's method 
i-cqnires four postulates, viz.: (1) the reaultant of two forces 
ninsl lie in the same plane with them; (2) the resultant of two 
equal forces must bisect the angle between tbem ; (3) if one of 
ilio two forces be increased, the angle l>etwcen the other force 
and the resultant will be greater tlian before ; and (4) the trans 
niiesibility of force, already mentioned. Granting tliese, we 
proceed as follows (Fig. 1) : Given tlie two forces P and Q ~ 
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P' + P" (P' and P" being eacli eqnal to P, so tbat Q = 2P), 
applied at O. Transmit P" to A. Draw tlie parallelograms 
0^ and AD ; 0i> will also be a parallelogram. By postulate 
(2), since OB is a rbombns, P and P' at O may be replaced by 
a single force R' acting through J?. Transmit i?' to B and 
replace it by P and P\ Transmit P from B to Ay P' from 
B to D. Similarly P and P", at Ay may be replaced by a 
single force P" passing through I) ; transmit it there and re- 
solve it into P and P". P' is already at B. Hence P and 
P' + P", acting at i>, are equivalent to P and P' + P" act- 
ing at Oy in their respective directions. Thei-efore the result- 
ant of P and P 4" -P" most lie in the line OBy the diagonal 
of the parallelogram formed on P and Q = 2P at O. Similarly 





Fio. s. 



tins may be proved (that the diagonal gives the direction of 
the resultant) for any two forces P and mP ; and for any two 
forces nP and mP, m and n being any two whole numbei^s, 
i.e., for any two commensurable forces. When the forces are 
incommensurable (Fig. 2), P and Q being the given foi^ces, 
we may use a reductio ad aJmtrduniy thus : Form the parallelo- 
gram OD on P and Q applied at 0, Suppose for an instant 
that R the resultant of P and Q does not follow the diagonal 
ODy but some other direction, as OD'. Note the intersection 
By and draw HC parallel to DB, Divide P into equal parts, 
each less than HD ; then in laying off parts equal to these from 
along OBy a point of division will come at some point F 
between (7 and B. Complete the parallelogram OFEO, The 
force Q" = OF is commensurable with Py and hence their 
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resultant acts along OE, Now Q is greater than Q'\ while R 
makes a less angle with P than OE^ which is contrary to pes- 
tulate (3); therefore R cannot lie outside of the line OD, 
Q. E. D. 

It still remains to prove that the resultant is represented in 
amounty as well as position, by the diagonal. OD (Fig. 3) is 

the direction of R the resultant of P and 
Q ; required its amount. If R' be a force 

-N^-- jAL ^ equal and opposite to R it will balance P 

^\^ \d/ and Q ; i.e, the resultant of R^ and P 
P ^* must lie in the line QO prolonged (besides 

^^' '• being equal to Q). We can therefore de- 

termine R^ by drawing JSA parallel to DO to intersect QO 
prolonged in A ; and then complete the parallelogram on 

JSA and RO. Since OFAB is a parallelogram R' must =BA^ 

and since OABD is a parallelogram BA^^OD] therefore 

K'=^5 and also R= OD. Q. E. D. 

Corollary, — The resultant of three forces applied at the same 
point is the diagonal of the parallelepiped formed on the three 
forces. 

14. Concurrent forces are those whose lines of action intersect 
in a common point, while non-concurrent forces are those which 
do not so interaect ; results obtained for a system of concurrent 
forces are really derivable, as particular cases, from those per- 
taining to a system of non-concurrent forces. 

15. Befultant. — A single force, the action of which, as re- 
gards the Btate of motion of the body acted on, is equivalent to 
that of a number of forces forming a system, is said to be the 
Besultant of that system, and may replace the system ; and con- 
vei-sely a force which is equal and opposite to the resultant of 
a system will balance that system, or, in other woixls, when it 
is combined with that system there will result a new system in 
equilibrium. 

In general, as will be seen, a given system of forces can al- 
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ways De replaced by two single forces, but these two can be 
combined into a single resultant only in particular cases. 

15a. Equivalent Systems are those which may be replaced by 
the same set of two single forces — or, in other words, those 
which have the same effect, as to state of motion, upon the 
given body. 
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CHAPTER I. 

STATICS OP A MATERIAL POINT. 

16. Composition of Concurrent Forces. — A system of forces 
acting on a material point is necessarily composed of concurrent 
forces. 

Case I. — All the forces in One Plane. Let be the 
material point, the common point of application of all the 

forces ; Pj, P,, etc., the given forces, making 
I angles «„ «„ etc., with the axis X. By the 

--~prfi parallelogram of forces P^ may be resolved 
\^^ \ into and replaced by its components, jP, cos a 
•^ — »^— ^ acting along X, and P^ sin a along T. 
^^' *• Similarly all the remaining forces may be re- 

placed by their Xand Y components. We have now a new 
system, the equivalent of that first given, consisting of a set of 
X forces, having the same line of application (axis X), and a 
set of J^ forces, all acting in the line Y, The I'esultant of the 
X forces being their algebraic sum (denoted by 2X) (since 
they have the same line of application) we have 

2X= P^ cos a, -f" ^«cos a, + etc. = 2{P cos a\ 

and similarly 

2Y=i P^ sin or, + P^ sin or, + etc. = 2{P sin a). 

These two forces, 2X and 2Y^ may be combined by the 
parallelogram of forces, giving P = ^(2XY + {2Yy ^ the 
single resultant of the whole system, and its direction is deter- 

2Y 

mined by the angle or; thus, tan a = -^r^; see Fig. 5. For 

equilibrium to exist, P must = 0, which requires, aepa/rately^ 
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2X=0, and 2Y=0 (for the two squares {2Xy and 
{2Y)^ can neither of them be negative quantities). 

Case II. — The forces having any directions in space, 
but all applied at 0, the material point. Let Pj, P„ 
etc., be the* given forces, P^ making the angles or,, /J^, and y^, 
respectively, with tliree arbitrary axes, X, Y^ and Z (Fig. 6), 
at right angles to each other and intei*secting at O, the origin. 
Similarly let or,, /?,, y^^ be the angles made by jP, with these 
axes, and so on for all the forces. By the parallelopiped of 
velocities, P, may be replaced by its components, 

Xj = jPj cos a„ Y =• P^ cos )5„ and Z, = Pj cos y^ ; and 
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similarly for all the forces, so that the entire system is now 
replaced by the three forces, 

2X= Pj cos a, + -P« cos a, + etc ; 
2Y=: P, cos A + ^. cos A + etc; 
2Z = Pj cos y, + -P« COS ;^, + etc ; 

and finally by tl>e single resultant 

i? = i/{2zy + {2 Yy + {2zy. 

Therefore, for equilibrium we must have separately, 

2X= 0, 2Y= 0, and 2Z=0. 
P's position may be determined by its direction cosines, viz., 

2X ^ ^Y 2Z 

cos a = —p- ; cos p = -^ ; cos >^ = -^. 



17. Conditions of Equilibrium. — Evidently^ v 
a system of concurrent forces, it would b" 
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10 MECHANICS OF ENGINEEKING. 

replace any two of the forces by their resultant (diagonal 
formed on them), then to combine this resultant with a third 
force, and so on until all the forces had been combined, the 
last resultant being the resultant of the whole system. The 
foregoing treatment, however, is useful in showing that for 
equilibrium of concurrent forces in a plane only two conditions 
are necessary, viz., 2J^ = and -2'1^= 0; while in space 
there are three, 2X= 0^ 2 Y = 0, and 2Z = 0. In Case I., 
then, we have conditions enough for determining two unknown 
quantities ; in Case II., three. 

18. Problems involving equilibrium of concurrent forces. 
(A rigid body in equilibrium under no more than three forces 
may be treated as a material point, since the (two or) three 
forces are necessarily concurrent.) 

Problem 1. — A body weighing G lbs. rests on a horizontal 
table : required the pressure between it and the table. Fig. 8. 
Consider the body free, i.e., conceive all other bodies removed 
(the table in this instance), being replaced by the 



+ y' 

1 forces which they exert on the firet body. Taking 



G the axis Y vertical and positive upward, and not 



Of-- 



-+x assuming in advance either the amount or direc- 
jf^ tion of iT, the pressure of the table against the 
I body, but knowing that (r, the action of the earth 

^*** ®' on the body, is vertical and downward, we have 
here a system of concurrent forces in equilibrium, in which 
the X and Y components of G are known (being and — 
G respectively), while those, iTx and iTy, of iT are unknown. 
Putting 2X = 0, we have iV^x + 0=0; i.e., iT has no hori- 
zontal component, .*. iT is vertical. Putting 2Y=0y we 
have iTy — G^ = 0„ .•. iVy = + G'^ ; or the vertical component 
of iT, i.e., i\r itself, is positive (upward in this case), and is 
numerically equal to G. 

Pboblem 2. — Fig. 9. A body of weight G (lbs.) is moving 
in a straight line over a rough horizontal table with a uniform 
velocity c (feet per second) to the right. The tension in an 
oblique cord by which it is pulled is given, and = P (lbs.), 
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vhich remains conetaot, tlie eoi-d making a given angle oE 
elevation, or, vith the path of tlie body, Heqiiircd the vertical 
pressure JV (lbs.) of tlie table, and also its +y| 

horizontal action F (friction) (lbs.) against 
the body. 

Referring by anticipation to Newton's fii-st 
law of motion, viz., a material point acted < 
on by no force or by balanced forces is either '^^ '■ 

at rest or moving uniforuily in a straight line, we see that tins 
problem is a case of balanced forces, i.e., of equilibrium. Since 
there are only two unknown quantities, N and F, we may 
determine them by the two equations of Case I., taking the 
axes X, and Y as before. Hero let ns leave the direction of 
iTas well as its anioant to be determined by the analysis. As 
^must evidently point toward the left, treiit it as negative in 
summing the .Z* components; tLe aniilvEis, therefore, can be 
expected to give only its numerical value. 
2Z = gives P cos a - F= 0. .-. F= P cos a. 

.2r = 0givesiV"+P6ina- (? = 0. .-. N= G - Psiri «. 
-■. N is npward or downward according as (? is > or < P 
sin a. For iT to be a downward preBsiire ii])on the body wonld 
require the snrface of tlie table to be above it. The i-atio of the 
friction F to the pressure W which produces it can now be 
obtained, and is called the coefficient of friction. It may vary 
slightly with tlie velocity. 

This problem may be looked upon as aridrig fi-om an exjjeri- 
ment made to determine the coefficient of friction between the 
given surfaces at the given uniforin velocity. 

19. The Free-Body Hethod. — The foregoing rather labored so- 
Intions of very simple problems have been made such to illus- 
trate wliat may be called the free-body method of treating any 
problem involving a body acted on by HJvateiu of forces. It 
consists in conceiving the body isolated ?^^»ll others which 
act on it in any way, tlu<so actions bein^flH^^^d as: so m.-iriy 
forces, known or unknown, in amomit I^^^^^Mn^he sys- 
tem of forces thus formed nwj' \ 
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tions, whose character and number depend on circumstances, 
such as the behavior of the body, whether the forces are con- 
fined to a plane or not, etc., and which are therefore theoreti- 
cally available for determining an equal number of unknown 
quantities, whether these be forces, masses, spaces, times, or 
abstract numbers. Of coui*se in some instances the unknown 
quantities may enter these equations with such liigh powers 
that the elimination may be impossible ; but this is a matter 
of algebra, not of mechanics. 



PARALLEL FORCES AND THE CENTRE OF GRAVITY. 13 



CHAPTER 11. 

PARALLEL FORCES AND THE CENTRE OP GRAVITY. 

20. FrelimiiLary Bemarks. — Althongli bj its title tliis section 
sliould be restricted to a ti-eatment of the equilibrium of forces, 
certain propositions involving the composition and resolution 
of forces, without reference to the behavior of the body under 
their action, will be found necessary as preliminary to the prin- 
cipal object in view. 

As a rigid body possesses extension in three dimensions, to 
deal with a system of forces acting on it we require three co- 
ordinate axes : in other words, the system consists of ^^ forces 
in space," and in general the forces are non-concurrent. In 
most problems in statics, however, the forces acting are in one 
plane: we accordingly begin by considering non-concurrent 
forces in a plane, of which the simplest case is that of two 
parallel forces. For the present the body on which the forces 
act will not be shown in the figure, but must be understood to 
be thei*e (since we have no conception of forces independently 
of material bodies). The device will frequently be adopted of 
introducing into the given system two opposite and equal forces 
acting in the same line : evidently this will not alter the effect 
of the given system, as regards the rest or motion of the body. 



:\ 
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21. Besultant of two Parallel 
Forces. . i \ 

Case I. — The two forces have a~> ? 

the 8ame direction. Fig. 10. 

Let P and Q be the given forces, 

and AB a line perpendicular to 

them (P and Q are supposed to have 

been transferred to the iiitersectionf •• ^^^ 

A and B), Put in at A and -id opposite 

forces S and S^ combining them n P' 






C"^ 
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and Q\ Transfer P' and Q' to their intersection at C^ and there 
resolve thein again into S and jP, /Sand Q. S and S annnl each 
other at C\ therefore P and Q^ acting along a common line CZ?, 
replace the P and Q first given ; i.e., the resultant of the origi- 
nal two forces is a force R =P+ Cj acting parallel to them 
through the point 2?, whose position must now be determined. 
The triangle CAD is similar to the triangle shaded by lines, 

,\ P \ S \\ CD : a?; and CDB being similar to the triangle 

shaded by dots, .\ S\ Q :: a — x : CD. Combining these, we 

jP a — a? J Od Od 

have -Q = —^ — and .-. x = j^q = -^. Now write this 

Px = Qa, and add Pc, i.e., Pc-\- Qc, to each member, c being 
the distance of (Fig. 10), any point in A£ produced, from 
A. This will give P{x-\-c) = Pc+CC^H"^)? "^ which c, 
a + ^) and x-^-c are i*espectively the lengths of perpendiculai-s 
let fall from upon Py Qj and their resultant P. Any one of 
these products, such slbPc, is for convenience (since products of 
this form occur so frequently in Mechanics as a result of alge- 
braic transformation) called the Moment of the force about the 
arbitrary point 0. Hence the resultant of two parallel forces of 
the same direction is equal to their sum, acts in their plane, in 
a line parallel to them, and at such a distance from any arbi- 
trary point in their plane as may be determined by writing 
its moment about equal to the sum of the moments of the 
two forces about 0. is called a centre o^mtwi^/ife, and each 
of the perpendiculars a lever-arm. 

Case II.— Two parallel forces P and Q of opposite direc- 
tions. Fig. 11. By a process similar to the foregoing, we 

obtain P = P - Q2iM{P - Q)x 
= Qa^ i.e., Px = Qa. Subtract 
each member of the last equation 
from Pc (i.e., Pc— Qc\ in which c 
is the distance, from -4, of any arbi- 
trary point O in AB produced. This 
gives Pip — x) = Pc — Q{a + c). 
But (c — »), Cj and {a -j- c) are re- 
no. 11. spectively the perpendiculars, from 
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O, npon R, P, and Q. That is, li{c — x) is the moment of li 
about 0\ Pe, that of P about 0\ and Q{a + c), that of Q 
about O, Bat the moment of Q is enbtracted from tbat of P, 
wbicli corresponds with the fact that Q in this figare would 
produce a rotation abont opposite in direction to tliat of P. 
Having in view, tlien, this imaginary rotation, we may define 
the moment of a force s£ positive when tlie indicated direction 
abont the given point is against the hands of a watcli; as nega- 
tive when with the hands of a watch. 

Hence, in general, the resultant of any two parallel forces is, 
in amount, equal to their algebraicsnm, acts in a parallel direc- 
tion in the same plane, while its moment, about any arbitrary 
]>oint in tlie plane, is equal to the algebi-aio sum of tlie mo- 
ments of the two foi'ces about the same point, 

CorcMary. — If each term in tlie preceding moment equations 
be multiplied by the secant of an angle (a, Fig. 12) thus: 





.m1 






(using the notation of Fig. 12), we have Pa sec a = p^a. 
Bee a + P,a, sec a, i.e., Ph = P,l, + P^h„ in which h, b„ 
And h, BlTb t]]e oblijue distances of the three lines of action 
froinany point <? ill their plane, and lie on the same straight 
line; P ia the resultant of the parallel forces /*, and P,. 

22. Eeanltant of any System of Parallel Forces in Space. — 
LetP„/*„ P„ etc., be the forces of the system, and x„ y„ 
z„ a;,, y„ s„ etc., the co ordinates 0^ 'ts of .Tppiication 

as referred to an arbitrary set of t te axes X, Y, 

and Z, perpendicular to c- "* here ic- 
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sti'icted to a definite point of application in its line of action 
(with reference to establishing more dii-ectj/ tlie fnndamental 
equations for the coordinates of the centre of gravity of a 
body). Tlie resultant P" of any two of the forces, as 
/*, and P„ is = /*, + Pv *nd may be applied at C, the in- 
tersection of its own line of action with a line BD joining 
the points of application of P, and P„ its components. 
Produce the latter line to A, where it pierces the plane SY, 
and let J„ {', and J„ respectively, be the distances of B, O, 
D, from A ; then from tlie coroilaiy of the last ai-ticle we have 

Ph' = PA + -PA ; 

bitt from similar tiiangles 

b' :h,:b,:: z' :s,: s„ .: P'z' = P,z, + P^,. 

Now combine P\ applied at C, with P„ applied at E, calling 
their resultant P" and its vertical co-ordinate s", and we obtain 

P"z" = Ps- + P.S., i.e., P'z" = P,2, + P^,P^„ 

also 

P" =P' + P, = p, +/>, + />,. 

Proceeding thus until all the forces have been considered, we 
shall have finally, for the resultant of the whole system, 

.B = P, + P,+ P,+etc; 
and for the vertical coordinate of its point of application, 
which wo may write a, 

Ps = P,?, + P^. + P^, + etc ; 

• - - P,g, + fig. + P,z.... _ SjPz) 
i.e., a _ ^ _j_ p-^-p--^ .... - :sP '* 

and similarly for tlie other co-ordinates. 



X = -^- and y = -^^. 



In these equations, in the general case, snch products 
etc., cannot Etrictly be called moments. The point whose 



1 
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PARALLEL FOUCES AND THE CENTRE OF GRAVITY. 17 

ordinates are the a?, y, and 3j just obtained, is called the Centre 
of ParaUel Forces^ and its position is independent of the {com- 
mon) direcHon of the forces concerned. 

Example. — If the pai'allel forces are contained in one plane, 
and the axis Y be assumed parallel to tlie direction of the 
forces, then each product like P^x^ will be a mxyment^ as de- 
fined in § 21 ; and it will be noticed in the accompanying nu- 
merical example, Fig. 14, that a detailed substitution in the 
equation 

Ex = P,», + P^. + etc., ... (1) 

having regard to the proper sign of each ,^ OJ +X 

force and of each abscissa, gives the same fio. i4. 

result as if each product Px were fii*8t obtained numerically, 
and a sign affixed to the product considered as a moment 
about the point O. Let P, = — 1 lb.; P, = + 2 lbs.; P, = 
+ 3 lbs.; P, = — 6 lbs.; a?, = + 1 ft.; a?, = + 3 ft.; a?, = — 2 
ft.; and x^=. — 1 ft. Eequired the amount and position of the 
resultant R. In amount R = ^P = — 1 + 2 + 3 — 6 = — 2 
lbs.; i.e., it is a downward force of 2 lbs. As to its position, 
Rx^ 2i,Px) gives (- 2> = (- 1)X(+1) + 2X3 + 
3 X (-2) + (-6)x(-l) = -1 + 6-6 + 6. Now from 
the figure, by inspection, it is evident that the moment of P, 
about is negative {with the hands of a watch), and is numer- 
ically = 1, i.e., its moment = — 1 ; similarly, by inspection, 
that of P, is seen to be positive, that of P, negative, that of 
P^ positive; wliich agree with the results just found, that 
(- 2)5 = — 1 + 6 — 6 + 6 = + 5 ft. lbs. (Since a moment 
is a product of a force (lbs.) by a length (ft.), it may be called 
so many foot-pounds.) Next, solving for x, we obtain 
X = (+ 5) -r- (— 2) = — 2.5 ft.; i.e., the resultant of the given 
forces is a downward force of 2 lbs. acting in a vertical line 
2.5 ft. to the left of the origin. Ilence, if tlie body in question 
be a horizontal rod whose weight has been already included in 
the statement of forces, a support placed 2.5 ft. to the left of 
O and capable of resisting at least 2 lbs. downward pressure 
will preserve equilibrium ; and the pressure which it exerts 
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against the rod must be an upward force, P^, of 2 lbs., i.e., the 
equal and opposite of the resultant of P„ P,, P„ P^. 

Fig. 15 shows the rod as a free body in equilibrium under 
the live forces. P, = -f- 2 lbs. = tlie reaction of the support. 

Of coui*8e Pj = is one of a pairof equal 
and opposite forces; the other one 
is the pressure of the rod against the 



Pa 



Ll 



P* 



P P* 

n 'a 



fj T — 2:5 — lo support, and would take its place among 

Fio. 16. the forces acting on the support. 

23. Centre of Gravity. — Among the forces acting on any 
rigid body at the surface of the earth is the so-called attraction 
of the latter (i.e., gravitation), as shown by a spring-balance, 
which indicates the weight of the body hung upon it. The 
weights of the different particles of any rigid body constitute a 
system of parallel forces (practically so, though actually slightly 
convergent). The point of application of the resultant of these 
forces is called the centre of gravity of the body, and may also 
be considered the centre of mass, the body being of very small 
dimensions compared with the earth's radius. 

If a?, y, and z denote the co-ordinates of the centre of gravity 
of a body referred to three co-ordinate axes, the equations 
derived for them in § 22 are directly applicable, with slight 
changes in notation. 

Denote the weight of any particle of the body by dG, its 
volume by dV, and its heaviness (rate of weight, see § 7) and 
its co-ordinates by a?, y, and z ; then, using the integral sign as 
indicating a summation of like terms for all the particles of the 
body, we have, for heterogeneous bodies, 

fydV y " fydV fydV • • ^^^ 

while, if the body is homogeneous, y is the same for all its ele- 
ments, and being therefore placed outside the sign of summa- 
tion, is cancelled out, leaving for Iiomogeneovs bodies ( V de- 
noting the total volume) 

- ^fj^.y ^fydV^.^ andi='^^.. . (2) 
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Corollary, — It is also evident that if a homogeneous body is 
for convenience considered as made up of several finite parts, 
whose volumes are F^, T^, etc., and whose gmvity co-ordinates 

are »i, y^, z^ ; a?„ y„ z^ ; etc., we may write 

^- y. + F. + . . . • • • • W 

If the body is heterogeneous, put G^ (weights), etc., instead 
of Fj, etc., in equation (3). 

If the body is an infinitely thin homogeneous shell of uni- 
form thickness = A, then flf F= hdF {dF ^Qnoimg an element, 
and F the whole area of one surface) and equations (2) become, 
after cancellation, 

^-fj^. z-fy^. -,-JiiE a^ 

Similarly, for a homogeneous wii^e of infinitely small cross- 
section (i.e.. a geometrical line, having weight), its length 
being «, and an element of length dsy we obtain 

„^Jj^,y^»,-,^fj^, ... (5) 

It is often convenient to find the centre of gravity of a thin 
plate by experiment, balancing it on a needle-point; other 
shapes are not so easily dealt with. 

24. Symmetry. — Considerations of symmetry of form often 
determine the centre of gravity of homogeneous solids without 
analysis, or limit if to a certain line or plane. Thus the centre 
of gjravity of a sphere, or any regular polyedron, is at its centre 
of figure; of a right cylinder, in the middle of its axis; of a 
^f the form 6\ jircle or regular polygon, in tlio 
; of a strai 'ire of uniform cross-section, in 

length. 

hcyMtehii; syirnnotrical about a ])lano, 

fc piano, (;all('<l a plane of 
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gravity ; if about a Kne, in that line called a line of gravity ; 
if about a point, in that point. 

25. By considering certain modes of subdivision of a liomo- 
geneous body, lines or planes of gravity are often made appai'- 
ent. E.g., a line joining the middle of the bases of a trape- 
zoidal plate is a line of gravity, since it bisects all the strips 
of uniform width determined by drawing pai*allels to the 
bases ; similarly, a line joining the apex of a triangular plate to 
the middle of the opposite side is a line of gravity. Other 
cases can easily be suggested by the student. 



26. Froblenu. — (1) Kequired the position of the centre of 

gravity of ^jme homogeneous wire of the 
"Vdy f^^^*^ ^f^ circular arc^ AJS^ Fig. 16. Take 
the origin O at the centre of the circle, and 
the axis X bisecting the wire. Let the 
length of the wire,* «, = 2«, ; & = ele- 
ment of arc. We need determine only the 
a?, since evidently y = 0. Equations (5), 

— __ fxds 

8 






^. — .^ ^^ . 





Fiq. 10. 



§ 23, are applicable here, i.e., x = 

From similar triangles we have 

-* rdy 
da : dy :: r : a?; .•. ds = — =^; 



:.x^^ dy = 



4- a 2/*^ 

3—, i.e., = chord X radius -^ 'length of 

Z8^ 



wire. For a semicircular wire, this reduces to a? = 2r -r- w". 

Pboblem 2. Centre of gravity of trapezoidal {and t^^ian- 
giUar) thin plates, homogeneous, etc. — ^Prolong the non-pai*allel 
sides of the trapezoid to intersect at Oj which take as an origin, 
making the axis X perpendicular to the bases h and J,. We 
may here use equations (4), § 23, and may take a vertical strip 
for our element of area, dJF", in determining a? ; for each point 
of such a strip has the same ar. Now dJ^ = (y -|- y')dxj and 
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from similar ti-iangles y -f- y' = j a?. Hence F='^{hh — h,h^) 
can be written ^ . (A* — Aj*), and x = —p — becomes 



- 2 



for the trapezoid. 

For a triangle A, = 0, and we have » = ^ A ; that is, the 

o 

centre of gravity of a triangle is one third the altitude from the 

base. The centre of gravity is finally determined by knowing 
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that a line joining the middles of b and h^ is a line of gravity ; 
or joining O and the middle of i in the case of a triangle. 

Problem 3. Sector of a circle. Thin plate, etc. — Let the 
notation, axes, etc., be as in Fig. 18. Angle of sector = 2a ; 
a? = ? Using polar co-ordinates, the element of area dF (a 
small rectangle) = pd(p . dp^ and its a? = p cos tp ; hence the 
total area = 

i.e., jP= i^a. From equations (5), § 23, we have 
X = j.fxdF 

= py J ^s 9P^dpd(p = y /.. |_co8 9>y pWpJ dtp. 
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{Note on double integration. — The qaantity 

cos 9) y p* dp \d<p^ 

is that portion of the suinination / / cos <pp^dpdg) which 

belongs to a single elementary sector (triangle), since all its 
elements (rectangles), from centre to circumference, have the 
same (p and d<p,) 
That is, 

— 4 7* sin "i" /^ 
or, putting /? = 2a = total angle of sector, a? = q- -3 — • 

- — 4eT 

For a semicircular plate this reduces to a? = o""- 

\^Note. — In numerical substitution the arcs a and ft used 
above (unless sin or cos is prefixed) are understood to be ex- 
pressed in circular measure (7r-measure) ; e.g., for a quad- 
rant, /J = I = 1.5707 + ; for 30^/J = ^; or, in general, if /? 

in degrees = , then p m 7r-measure = -. I 

\ Problem 4. Sector of a flat ring; thin 

\t^ plate, etc. — Treatment similar to that of 

A^^^'^^'^Tl ^Problem 3, the difference being that the 
"^ t— pi 

J limits of the interior integrations are 



o-^ 
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/ instead of . Result, 



— _ 4 r,* — r* sin i/3 
^ - 3 • r; - /•," • "T"' 
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Pboblem 5. — Segment of a circle; thin plate, etc. 
Since eacli rectargalar element of any ver- ^ 
tica] Btrip iiae the Banie x, we inaj take the 
stnp as dFin finding x, and use y as the 
li;ilf-heiglit of the strip, dF =. ^ydx, and 
from similar triangles x;y',', (— dy) : da, 
i.e., adx = — ydy. Hence from eq. (5), 



- _/itdF fxlydx - y^y 2 Tj ., _ 2 o* 

bnt a = the half-chord, hence, finally, x = ..„ .. . 

Problem 6. — Trapezoid; thin plate, etc., 
by tlie method in the eorollaiy of § 23 ; equa- 
tions (3). Eeq^nired the distance x from the 
base AB. Join DB, time dividing the trape- 
zoid ABCD into two triangles ADB = F, 
and DBC = -^, whoso gravftj ar's are, re- 
spectively, «, = \h and a;, = |A. Also, F^ 
= ihh„ F^ = ifih,, and F (area of trape- 
zoid) = iA(S. + b,). Eq. (3) of §23 gives 
Fx = F^x^ -\- Fjx, ; hence, snbBtitnting (S, + 
h) a = iS.A + ib,L 




3- &,-f-J, ■ 

Tlie line joining the middles of ft, andft, is a line of gravity, and 
is divided in such a ratio by the centre of gravity that the fol- 
lowing constrnction for finding the latter holds good : Prolong 
each base, in opposite directions, an amount eqnal to the other 
base; join the two points thus found: the intersection with 
the other line of gravity Ib the centre of gravity of the trape- 
zoid. Thus, Fig. 21, with BF= h, and DF= J„ join FF, 
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Pkoblem 7. Homogeneous ohlique cone or pyramid. — 
Take the origin at tlie vertex, and the axis -2^ perpendicular to 
the base (or bases, if a frustum). In finding X we may put 
dV=^ volume of any lamina parallel to YZ^ jP being the base 
of such a lamina, each point of the lamina having the same x. 
Hence, (equations (2), § 23), 



x='^fxdV, V=fdV=fFdx', 



but 



F'.F^y.a?: h*, .-. F= r-V, 
and 

Q 14 14 

For a f i-ustum, a? = 7 . ,*, __ .', ; while for a pyramid, h^ be- 

— 3 

ing = 0, a? = jA. Ilence the centre of gravity of a pyramid 

is one fourth the altitude from the base. It also lies in the line 

joining the vertex to the centre of gravity 
) of the base. 

Pkoblem 8. — If the heaviness of the ma- 

j^j-, terial of the above cone or pyramid varied 

"^^ directly as a?, y^ being its heaviness at the 

Fio. 22. base F^j we would use equations (1), § 23, 

putting y = ^ a; ; and finally, for the frustum, 

- 4 A/-V 



5- h:^h;' 



- 4 
and for a complete cone x = — A,. 



27. The Centrobaric Method. — ^If an elementary area dF be 
revolved about an axis in its plane, through an angle a < 2;r, 
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tiie distaDce from tlie axis being = x, the volume generated is 

dV ~ axdF, and the total volnme generated bj all tbe AF^s 

of a finite plane fignre wlioee plane con- , 

tains tbe axis and wlitcli lies entirely on one 

side of tbe axis, will be V ~ fdV = 

ccJxdF. But from §23, afxdF=aFx', 

ax being the length of path described by 

the centre of gravity of the plane fignre, vm.A 

we may write : The volume of a solid of revolution generated 

hy a plane figure, lyin^ on one aide of the axis, equals tks 

area of the figure multiplied hy the length of curve deecribed 

by the centre of gravity of ths figure. 

A corresponding statement may bo made for the surface 
genemtcd by the revolution of a line. The arc a mnst be ex- 
[trcssed in n measure in numerical work, 

27a. Centre of Oravitf of ao7 ttaadrilateraL — Fig. 23a. 
Construction; ABGD being any quad- 
rilateral. Draw tlie diagonals. On tlie 
long segment J)K of DB lay ofE DE = 
BK, the shorter, to determine F; simi- 
larly, determine iTon the other diagoniil, 
^ by makhig GJf = AK. Bisect EK in II 
and EN in M. The intersection of FM 
Tm.Ka. j^d NH'm the centre of gravity, C. 

Proof.—II being the middle of DB, and All and HO 
having been joined, / the centre of gravity of the triangle 
ABD is found on AH, by making ^/=-i^J7; similarly, by 
making HL = \ilG, L is the centre of gravity of triangle 
BDO. .■ . IZis parallel to AG and is a gravity-line of the 
whole figui-e; and the centre of gravity Cmay be foand on it 
if we can make CLiCI '.: area ABD : area BDO (§ 21). 
Bat since these triangles liave a common base DB, their arena 
are prapcurtioDal to the slant heights (equally inclined to DB) 
AK and KO, i.e., to ii,\ ruiii NA. Hence UN, which <ii- 
vMcs JL in (he rennir<?.i r.'if. .■■intiii'na f, an<l ^t, .-. a gravity. 
Un.. .■ '. ■ ^ . ■;. ■ ■■ ■...,:. ,-16',and 
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the two triangles into which it divides the whole figure, we 
may prove EM to be a gravity-line also. Hence the construc- 
tion is proved. 

27b. Examples. — 1. Required the volume of a sphere by 
the centrobaric method. 

A sphere may be generated by a semicircle I'evolving about 
its diameter through an arc ot = 27r. The length of the path 

desci-ibed by its centre of gravity is = 2;r^ (see Prob. 3, § 

26), while the area of the semicircle is \7t7^. Hence by § 27, 

47* 4 

Volume generated = 27r . ^r— . \nr^ = - nr^. 

2, Required the position of the centre of gravity of the sector 
of a flat ring in which r, = 21 feet, r, = 20 feet, and § = 80° 
(see Fig. 19, and § 26, Prob. 4). 

a 

sin r-= sin 40° = 0.64279, and /? in circular measure = 

—r 7t -^-^Tt =z 1.3962. By using r^ and r, in feet, x will be 
obtained in feet. 

_^4 r,' - r/ ^^"2 _ 4 1261 064279 __ 
••• ^^ - 3 • r;- ry fi " 3 ' 41 ' 1.3962 ~ ^^'^^ ^^^^' 
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CHAPTER III. 



STATICS OP A RIGID BODY. 




FiO. 24. 



28. Conples. — On account of the peculiar proi^erties and 
utility of a system of two equal forces acting in parallel lines 
and in opposite directions, it is specially 
considered, and called a Couple. The 
ann of a couple is the perpendicular 
distance between the forces ; its moment^ 
the product of this arm, by one of the 
•forces. The axis of a couple is an 
imaginary line drawn perpendicular to 
its plane on that side from which the rotation appears positive 
(against the hands of a watch). (An ideal rotation is meant, 
suggested by the position of the arrows ; any actual rotation 
of the rigid body is a subject for future consideration.) In 
dealing with two or more couples the lengths of their axes are 
made proportional to their moments; in fact, by selecting a 
proper scale, numerically equal to these moments. E.g., in Fig. 
24, the moments of the two couples there shown are Pa and 
Ql>\ their axes p and y so laid off that Pa : Qh ::p : q, and 
that the ideal rotation may appear positive, viewed from the 
outer end of the axis. 



tS 



29. iVi? single force can balance a couple. — For suppose the 
couple P, P, could be balanced by a force Ii\ then this, acting 
fti at some point C, ought to hold the couple 

.A.vB c. in equilibrium. Draw CO through 0, the 

/p ^ centre of sywpaetry of the couple, and 
Fio. 96. JUKJ^ ^ ^^ At Z> put in two op- 

posite and e<lllU^Hn!^i -''^'^ parallel to B'. 

The supposed t'^^^'^ " R, P, and 



tT 
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P are in equilibrium, so ouglit (by symmetry about 0) S, JP, 
and P to be in equilibrium, and they may be removed without 
disturbing equilibrium. But we have left Tand P\ which ai*e 
evidently not in equilibrium ; .*. the proposition is proved by 
this redxictio ad absurdum. Convensely a couple has no single 
resultant. 



80. A couple rrujLy le transferred anywhere in its own plane. 
— First, it may be turned through any angle or, about any 



pi point of its arm, or of its arm produced. 

G..^..j — j« ... jj^i (^p^ P')be a couple, G any point of its 

\"'^'lK:"i '^ ^^^^ (produced), and a any angle. Make 

^U'^,^ I 0C= OA, CD = AB, and put in at (7, 
'i \ * \^^ ! Pj and P, equal to P (or P'), opposite to 

\J^t..- -^1x7*1 each other and perpendicular to GC; and 

* \ "^ p P^ and P^ similarly at D. Now apply and 

^«-2«. combine P and P, at O, P' and P, at <?'; 

then evidently li and Ji' neutralize each other, leaving P, and 
P, equivalent to the original couple (P, P'). The arm 
CD = A£, Secondly, if G be at infinity, and a = 0, the 
same proof applies, i.e., a couple may be moved pai'allel to 
itself in its own plane. Therefore, by a combination of the 
two transferrals, the proposition is established for any trans- 
ferral in the plane. 

81. A couple may he replaced by another of equal moment 
in a parallel plane. — Let (P, P') be a couple. Let CZ>, in a 
parallel plane, be parallel to AB, At D put in a pair of equal 

and opposite forces, S^ and S^^ parallel to P and each = r=P, 

ED 



Similarly at (7, 8^ and /SL parallel to P and each = ===rP. 
But, from similar triangles, 

AE BE Q _ Q _ Q _ Q 
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[Note. — ^Tlie above values are so chosen that the intersection point E 

may be the point of appUcation of (P -\- /Ss). the resultant of P and 8%\ 

and also of (P-f 8%), the resultant of Pand 8%, as follows from § 21; thus 

(Fig. 28), li, the resultant of the two parallel forces Pand 15%, is = P+iS», 

and its moment about any centre of moments, as E, its own point of ap- 

plication, should equal the (algebraic) sum of the moments of its com- 

aE 

ponents about E\ i.e., B X zero =^P,AE— 8%. 1)E\ .\8t = === . P.] 
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Eeplacing P' and S^ by (P' + S,), and P and S, by 

(P + ^t)j the latter resultants cancel each otlier at -£*, leaving 

the couple (aS„ /SJ with an arm CD, equivalent to t he or iginal 

RE 
couple Pj P' with an arm AB, But, since 8, = ^==^.P = 

KG 



AB — 

== . P, we have 8^ X CZ? = PxAB ; that is, their moments 
(jJJ 

are equal. 

32. Transferral and Transformation of Couples. — In view of 
the foregoing, we may state, in general, that a couple acting on 
a rigid body may be transferred to any position in any parallel 
plane, and may have the values of its forces and aim changed 
in any way so long as its moment is kept unchanged, and still 
have the same effect on the rigid body (as to rest or motion, 
not in distorting it). 

CoroUariea, — A couple may be replaced by another in any 
position so long as their axes are equal and parallel and simi- 
larly situated vnth respect to their planes. 

A couple can be balanced only by another couple whose axis 
is equal and parallel to that of the fii-st, and dissimilarly situ- 
ated. For example. Fig. 29, Pa being = Qb^ the rigid body 
AB (liere supposed without weight) is in equilibrium in each 
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case shown. By "reduction of a couple to a certain arm «" 
is meant that for the original couple whose arm is a'^ with 
forces each = P\ a new couple is substituted whose arm shall 
be = a^ and the value of whose forces P and P must be com- 
puted from the condition 

Pa = P'a\ i.e., P = PV -f- a. 





Fio. 29. 



Fia. 80. 



88. Composition of Couples.— Let (P, P") and (^, Q') b o two 
couples in different planes reduced to the %aine arm AB = a, 
which is a portion of the line of intersection of their planes. 
That is, whatever the original values of the individual forces 
and arms of the two couples were, they have been transferred 
and replaced in accordance with § 32, so that P.AB^ the 
moment of the first couple, and the dii'ection of its axis,j?, 
have remained unchanged ; similarly for the other couple. 
Combining P with Q and P' with Q\ we have a resultant 
couple (P, -ff') whose arm is also AB. The axes p and q of 
the component couples are proportional io P .AB and Q . AB^ 
i.e., to P and Q^ and contain the same angle as P and Q. 
Therefore the parallelogram ^ . . . y is similar to the parallelo- 
gram P . . . Q\ whence p \ q\r\\P \ Q \ R^ ov p \ q\r\\ 
Pa : Qa : Ra. Also r is evidently perpendicular to the plane 
of the resultant couple (P, R'\ whose moment is Ra. Hence 
/•, the diagonal of the parallelogram on p and y, is the axis of 
the resultant couple. To combine two couples, therefore, we 
have only to combine their axes, as if they were forces, by a 
parallelogram, the diagonal being the axis of the resultant 
couple; the plane of this couple will be perpendicular to the 



STATICS OF A RIGID BODY. 



31 



axis just found, and its moment bears the same relation to the 
moments of the component couples as the diagonal axis to the 
two component axes. Thus, if two couples, of moments Pa 
and Qb^ lie in planes perpendicular to each other, tlieir result- 
ant couple has a moment Re = '^{Paf -j- {Qhf' 

If three couples in different planes are to be combined, the 
axis of their resultant couple is the diagonal of the parallelo- 
piped formed on the axes, laid off to the same scale and ^<n7i^ 
ing in the proper directions, the proper direction of an axis 
being away from the plane of its couple, on the side from 
which the couple appears of positive direction. 

34. If several couples lie in the same plane their axes are 
parallel and the axis of the resultant couple is their algebraic 
sum ; and a similar relation holds for the moments : thus, in 
Fig. 2:1:, the resultant of the two couples has a moment = Qh 
— Pa, which shows us that a convenient way of combining 
couples, when all in one plane, is to call the moments positive 
or negative, according as the ideal rotations are against, or with, 
the hands of a watch, as seen from the same side of the plane ; 
the sign of the algebraic sum will then show the ideal rotation 
of the resultant couple. 



35. Composition of Non-concurrent Forces in a Plane. — Let 
-Pij Pin ®^c-j ^^ ^^® forces of the system ; ajj, y^, a?,, y„ etc., the 





Flo.SL 
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co-ordinates of their points of application ; and or,, or,, . . . etc., 
their angles with the axis-Z^ Replace P^ by its components 
X, and yj, parallel to the arbitrary axes of reference. At the 
origin put in two forces, opposite to each other and equal and 
parallel to X, ; similarly for J'j. (Of course X^ = P, cos a and 
y, = Pj sin a.) We now have P^ replaced by two forces X^ 
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and 3^, at the origin, and two couples, in tlie same plane, wliose 
iiiomeiitB are respectively — J-'y, and -)- 3'|»„ and are thei-e- 
fore (§ 3i) equivalent to a single couple, in tlie sutrie plane with 
a moiiiont = {Y^x,—Xj/^). 

Treating all t!ie retnaiEiing forces in tlie saine way, the wliole 
Bystem of forces is replaced by 

\\i^iovcQS{X)=X,-\-X, + ■■■ at tlie origin, along tbeaxis^; 
the force 2( y) = Y,-\- !', + ... at tlie origin, along tlicaxis Y; 
and tlie couple whose moment ^ -2 ( Yx—Xy), which may he 
called tlie couple (7 (see Fig, 32), and may bo placed anywhere 
in the plane. Now S{X) and ( Y) may ho combined into a 
force R ; i.e., 

R = t^(i'X)' -j- S Yf and its direction-cosine is cos a = — jy-. 

Since, then, the whole system reduces to C and 7i'. wo mnst 

have for equilibrium 7?= 0, and ^ = 0; i.e., for equilibrinm 

2X= 0, i"r= 0, and 2{Yx-Xtj) = 0. . eq. (1) 

If 12 alone = 0. tlie system i-educes to a couple whose mo- 
ment IS tf ^ ^( Yx—Xy) j and if O alone = the Eysteni re- 
duces to a single force R, applied at the origin. If, in general, 
neither 7? nor G — 0, the system is still equivalent to a single 
force, but not applied at the origin (as could hardly he ex- 
pected, since the origin is arbitrary); as follows (see Fig. 33): 

Replace the conplo C by one of equal moment, G, with each 

foree ^ Ji. Its arm will therefore be -„. Move this couple 

in the plane bo that one of its foixics R may oanuLO the R al- 
ready at the origin, thus leaving a single resDltant R for the 
whole system, applied in a lino at a perpendicular distance, 

e = -ji, from the ori^u, and making auangleorwhose cosine = 
-p-, with the axis X. 

36. Hore convenient form for the equations of equilihriuin 

of non-con en rrent forces in a plane. — In (I.), Fig. 34, being 
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any point and a its perpendicular dietancc from a foreojp; 
pnt in at O two eqnal and opposite forces I* and P' each equal 
to P, and we have P replaced by an eqnal single force P' at 
O, and a couple whose moment is + Pa. (II.) sliows a simi- 
lar constmction, dealing with the Xand J" components of ^, 
so Hiat in (II.) P is replaced hy single forces X' and y at O 






y^ 



(and they are equivalent to a resultant P', at 0, as in (I.), and 
two couples whose moments are ■\- 7x and — Xy. 

Hence, O being the same point in both cases, the conple Pa 
is equivalent to the two last mentioned, and, tlieir axes being 
parallel, we must have Pa = Yx — Xy. Equations (1), 
§ 35, for egnilibrinm, may now be written 

2X= 0, SY = 0, and S{Pa) = 0. . . (2) 
In problems involving the equilibrium of non-concurrent 
forces in a plane, we have three independent conditions, or 
equations, and can determine at most three unknown quantities. 
For practical solution, then, the rigid body having been made 
free (by conceiving the actions of all other bodies as repro- 
eented by forces), and being in equilibrium (which it must 1)0 
if at rest), we apply equations (2) literally ; i.e., assuming an 
origin and two axes, equate the sum of the ^components of 
all the forces to zero; similarly for the 3'' components ; and 
then for the "moment-equation," having dropped a perpen- 
tdicular from the origin npon each force, write the algebraic 
f till! products {mometM) obtained l)y multiplying each 
jcndicular, or **lever-ann" cquiil to zero, call- 
aoe !(( as the iilt-al rotation iip- 
, the hail watch, as wen from the 

i_ilC e convention would tlo as 
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Sometimes it ia coiivuiiient to use three moment equations, 
taking a new origiu eacli time, and tlien the SJC=^ and i' J' 
= are superfluous, as thej- wouki uot be indepenclent eqiui- 
tious. 



37. Problems inrolTlng Kon-concnrrent Forces ia a Plane. — 
Remarks. The weight of a rigid budy is a vertical force 
through its ceuti-e of gravity, downwards. 

If tlio surface of contact of two bodies ia mnooth the action 
(pi-essnre, or force) of one ou the other is perj)end iciilar to the 
surface at tlie point of contact. If a cord must be imagineii 
cut, to make a body free, its tension must be inserted lu the 
line of the cord, and in such a direction as to keep taut the 
amall portion still fastened to the body. In case tlie pin of 
a hinge must be removed, to make the body free, its pi-essnre 
against the ring being unknown in direction and atnount, it is 
most convenient to represent it by its unknown components X 
and }' in knomn directions. In the following problems there 
ia supposed to be no friction. If the line of action of an nn< 
known force is known, but not its direction (forward or back 
wai-d). assume a direction for it and adhere to it in all the .three 
equations, and if the assumption is correct the value of the 
force, after elimination, will be positive ; if incorrect, negative. 

Problem 1. — Fig, 35. Given an oblique rigid rod, with two 
loads G, (its own weight) and G,; required the re-iclion of the 
smoot/i vertical wall at A, and the direction and amonnt of the 

G/i/n^e-pi'cssnre at 0. The reaction at A. 
. must be horizontal ; call it X. The pres- 
^ sure at 0, being unknown in direction, will 
" have botti its X and 3"" compononta un- 
known. The three unknowns, then, are 
X., X", and F.. while G„ G„ a„ a,, and 
A are known. The figure shows the rod 
""'"■ as a J'ree iodij, all the forces acting on it 

Lave been put in, and, since tlic rod is at rest, conatitnte a sys- 
tem of non-conenrront forces in a plane, ready for the condi- 
tions of equilibrinm. Taking oi'igin and axes as in the fieare. 
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:SX= gives +X. - X' = ; 2Y= gives + r; - <?, 
- 6^, = ; while 2{Pa) = 0, about 0, gives + XA - 
G^^ja^ — <?,a, = 0. (Tlie moments of X, and Z, about O 
are, each, = zero.) By elimination we obtain 1\ = G^ -{- 
Q^\ X^ ^ 27 =. t^fl^ + O^a^ -7- A; while the pressure at 

= f^X,* + jTo'j ^"d makes with the horizontal an angle 
whose tan = Z"^ -5- X,. 

[N.B. A special solution for this problem consists in this, that the result- 
ant of the two known forces Gi and Qt intersects tlie line of X in a point 
Aviiich is easily found by § 21. The hinge-pressure must pass through this 
point, since three forces in equilibrium must be concurrent.] 

We might vary this problem by limiting X to a safe value, 
depending on the stability of the wall, and making h an un- 
known. The three unknowns would then be X„ 3^, and h. 

Problem, 2. — Given two rods with loads, three hinges (or 
"pin-joints"), and all dimensions: required the three hiuge- 





Fio. as. 



Fio. S7. 



pressures; i.e., there are six unknowns, viz., three Xand tluco 
T' components. We obtain three equations from each of the 
two free bodies in Fig. 37. The student may fill out the de- 
tails. Notice the application of the principles of action and 
reaction at B (see § 3). 

Problem 3. — ^A Warren bridge-truss rests on the horizontal 
smooth abutment-surfaces in Fig. 38. It is composed of equal 
isosceles triangles ; no piece is 
continuous beyond a joint, each 
iA'whiAiM%fm4xmnectwn. All 
loads are i^c|g^||g|i|^as acting at 
the joiiit% MHHwjb ] eoe will 

orei 




Fio. 38. 
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First, required the reactions of the supports T^ and V^; 
these and the loads are called the external forces. 2{Pa) 
about = gives 

F,3a - P, . ia - P. . fr - P, . |a = 0; 

while 2{Pct) about JE^ = gives 

- r,.3a+P,.ia + P.fr + P.fa = 0; - 

.-. T^^ = i[5P. + 3P. + P,]; 
and F. = i[P, + 3P. + 5P.]. 

Secondly, required the stress (thrust or pull, compression or 
tension) in each of the pieces A, J?, and (7 cut by the imaginary 
line D£^. The stresses in the pieces are called internal forces. 
These appear in a system of forces acting on a free body only 
when a portion of the truss or frame is conceived separated 
from the remainder in such a way as to expose an interaal 
plane of one or more pieces. Consider as a free body the por- 
tion on the left of 2)^ (that on the right would serve as well, ' 
p p but the pulls or thrusts in A^ -B, and 

— C would be found to act in directions 



t 




I opposite to those they have on the 

b\^] other portion ; see § 3). Fig. 39. The 

jL_?«\i.O arrows (forces) A^ J?, and C are not 

y^a^-.^ < a -r pointed yet. They, with F„ P„ and 

Fio. 80. p^^ form a system in equilibrium, 

2{Pa about = gives 

{A?i) - Vfia + P, . |« + P. .ia = 0. 

Therefore the moment {Ah) = ia[4 V, — 3P, - PJ, which 
is positive, since (from above) 4 F, is > 3P, + ^t- Hence 
A must point to the left, i.e., is a thrust or compression, and is 

Similarly, taking moments about 0„ the intersection of A 
and B^ we have an equation in which the only unknown is (7, 
viz., ((7A) - V,^ + P,a = 0. .-. {Ch) = ia[3 F, - 2PJ, 
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a positive moment, since 3 7] is > 2P, ; ,■, C mnst point to the 
right, i.e., is a tension, and = Br[3 Fj — 2i*,], 

Finally, to obtain jB, put 5'{vert. comps.) = ; i.e. {B cob qt) 
+ F, - P, - P, = 0. .-. 5 cos 9» = P, + P, - F, ; bnt 
(see foregoing value of F,) we maj' write 

F. = (P, + P,) - (iP, + iPO + \P. 
.: B COS 9J will be + (upward) or — (downward), and B will 
be compression or tension, as \P, is < or > \^P,-\-\P^. 



5 = [P + i*. - F,] -4- cos 9. : 



^^^f-,- 



a 



PriMem 4.— Given the weight G^ of rod, the weight G„ 
and all the geometrical elements (the etndent will assume a 





convenient notation); required tlie tension in the cord, and the 
amonnt and direction of pressure on hinge-pin. 

PrMem 5,- — Koof -truss ; pin-connection ; all loads at joints ; 
wind-pressures IT, and TT,, normal to OA ; required the three 
reactions or supporting forces (of the two liorizontal surfaces 
and one vertical surfice), and llio 
stress in each piece. All geomet- 
rical elements are given ; also P, 
P.,P«^' 



38. Composition of Fon-conoor- 
rent Forces in Space. — Let /•,, i*„ 
etc., be tlie ^'ivori forces, and j!,, y,, 
2» ^1' Vv ^f '''■"■' t'lL'ir points of up- ^ 
plication rcfcrriMl to tin nrbitrsry 
origin and axow; «„ A,, y„ eta., 
thoanglcimudoliy thoirlincsof application WJUi j^ YfMAS 
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Considering the firet force /*„ replace it by its tliree com- 
ponents purullcl to the axes, X, = P^ cos a-,; T, = P, cos p,; 
und 2, = /*, cofl y, {P, itself is not shown in the ligure). At 
0, and also at A, put a pair of equal and opposite forces, 
eaeli eqnal and parallel to Z,; Z, is now replaced by a single 
force Z, acting upward at the origin, and two coupltis, one 
in a plane parallel to I'Zand having a moment ^ — Z,y, (as 
we see it looking toward O f rom a remote point on the axis 
•{- i'), the other in a plane parallel to XZ and Imving a mo- 
ment = -|- Z,», (seen from a remote point on the axis -|- y). 
Similarly nt and (^pnt in pairs of foi-ces equal and pai-allel 
to X„ and we Iiiive X„ at B, replaced by the single force JT, 
at the origin, and the couples, one in a plane parallel to XT', 
and having a moment -|-A'y„ seen from a remote point on 
the axis 4- ■^> the other in a plane parallel to XZ, and of a 
moment =^—X,s„ seen from a remote point on tho axis -{- f; 
and finally, hy a similar device, Y, at B is replaced by a force 
J', at llie origin and two couples, parallel to the planes XI'" 
and TZ, and having moments — i',x, and + Z,y„ respective- 
ly. (In Fig. 42 the single forces at the origin are broken 
hues, while the two foi-ces constituting any one of the six 
conples may be recognized as being 
equal and panillel, of opposite di- 
rections, and botli continuous, or 
both dotted.) We have, therefore, 
I'eplaced tlie force /*, hy tliree 
forces X,, I',, Z„ at 0, and six 
couples (shown more clearly in 
Fig, 43; the couples have been 
transferred to symmetrical posi- 
tions). Comhiningeneli two conples 
whose axes are parallel to X, Y, 
can be reduced to three, viz., 

one with an X axis and a moment = Y,s, — Z,y, ; 
one witii a I'axis and a moment = Z^x, — X/, ; 
one with a Z axis and a montcnt = X,y, — 1' J,. 
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Dealing with eacli of the other forces P,, P„ etc., in the same 
manner, tlio whole system may finally bo replaced by three 
forces 2X, 2Yj and -2'Z, at the origin and thi*ee couples 
whose moments are, respectively, 

Z = 2(^Yz — Zy) with its axis parallel to JT; 
JT = 2{Zx — JC^) with its axis parallel to T^; 
iT = 2(Xy — Yx) with its axis parallel to Z. 

The " axes" of these couples, being parallel to the respective 
co-ordinate axes -T, Y^ and Z, and proportional to tlie mo- 
ments Z, M, and iT, respectively, the axis of their resultant 
Cy whose moment is G, must bo tho diagonal of a parallelo- 
pipedon constructed on the three component axes (propor- 
tional to) Z, JU, and iT. Therefore, G = VJJ +M' -{- JV% 
while the resultant of 2X, 2 Y, and 2Z is 

12 = V{2zy + {2Yy + {2zy 

acting at the origin. If ^r, ^, and y are the direction-angles 
of 7?, we have cos a = --^, cos p = -t^, and cos y = -^ ; 

while if A, Z', and v are those of the aosis of tlie cou])Ie (7, we 

Z J^ ^ ^ 

have cos A = ^, cos /i = ^, and cos y = -- 

For equilibrium we have both G = and i? = ; i.e., 
separately, ^aa? conditions^ viz., 

2Z=0, 2r = 0, 2Z=0; and Z=0, J[r=0, ir=0 . (i) 

Now, noting that 2X = 0, 21^ = 0, and :S'(Xy - Yx) = 
are tlie conditions for equilibrium of the system of nun-concur- 
rent forces which would be formed by i)rojecting each force of 
our actual system upon the plane XYy and similar relations 
for the planes YZ and XZ, we may restate equations (1) in 
another form, more serviceable in practical problems, viz. : 
Note. — Tf^ d systinn of noii-concurrent forces iyi sjmce is in 
equilibrium^ the j^la^^c si/f<tems fanned hj i^rojectlng tlie given 
system upon each of three arbitrary co-ordinate planes will also 
be in equiUbrnun. I>ut we can obtain only six independent 
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equations in any case, available for six unknowns. If i? alone 
= 0, we have tlie system equivalent to a conple (7, whose 
moment = G^ ; if G^ alone = 0, the system has a single re- 
sultant i? applied at the origin. In general, neither li nor O 
being = 0, we cannot further combine R and (7 (us was done 
with non-concurrent forces in a plane) to produce a single re- 
sultant unless li and C are in the same plane ; i.e., when the 
angle between li and the axis of (7 is = 90°. Call that angle 
6. If, then, cos d = cos a cos X -|- cos /S cos /i -j* ^^^ y cos v 
is = = cos 90°, we may combine li and C to produce a 
single resultant for the whole system ; acting in a plane con- 
taining Ji and parallel to the plane of C in a direction parallel 

to Hj at a perpendicular distance c = -js from the origin and 

= Ji in intensity. The condition that a system of forces in 
space have a single resultant is, therefore, substituting the 
previously derived values of the cosines, (-^-^T) . Z+ (-2 Y) . M 

This includes the cases when li is zero and when the system 
reduces to a couple. 

To return to the general case, Ji and C not being in the 
same plane, the composition of forces in space cannot be 
further simplified. Still we can give any value we please to 
P, one of the forces of the couple (7, calculate the correspond- 

ing arm a = -73, then transfer (7 until one of the J^^s has the 

same point of application as i?, and combine them by the 
parallelogram of forces. We thus have the whole system 
equivalent to two forces, viz., the second J^, and the resultant 
of Ji and the firet P. These two forces are tiot in the same 
plane, and therefore cannot be replaced by a single resultant. 

39. Problem. (Non-concurrent forces in space.) — Given all 
geometrical elements (including or, /?, y, angles of P), also the 
weight of Q^ and weight of apparatus G ; A being a hinge whose 
j)in is in the axis Y^ b, ball-and-socket joint : required the 
amount of P (lbs.) to preserve equilibrium, also the pressures 
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(amount ant* direction) at A and O ; no friction. Replace J^ 
bj its X, Y, and Z coinponetits. The preBsure at A will have 




Z and X components ; that at O, X, Y, and Z components. 
The body is now free, and there are six unknowns. 

2X, 2Y, and ^Zgive, respectively, 
Pcosa + Z;+X, = 0; 

P COS >J 4- r. = ; andZ, +2, + e+(?-Pco8>' = 0. 
As for mom ent^gnat ions (see note in last paragraph), project- 
ing tlie system upon YZ and pnttiiig S(Pa) abont = 0, 
we have 

- Z,l-i- Qd+Ge + (PcoBy)b + (PcoB ji9)c = ; 
projecting it upon XZ, and putting S{Pa) aljout (? = 0, wo 
have ^ — (P COB a)o — (PcoB j*)*! = ; 

projecting on XY, moments about O give 

X,l + {P cos a)J — (P COB jff)o = 0. 
From these six equations we may obtain the Bix unknowns, 
P, X„ Y„ Z„ X„ and Z,. If for any one of these a negative 
result is obtained, it shows that its direction in Fig. 44 should 
be reversed. 
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CHAPTER IV. 



STATICS OF FLEXIBLE CORDS. 



40. Fostnlate and Principles. — The cords are perfectly flexi- 
ble and inexteiisible. All problems will be restricted to one 
plane. Solutions of problems ai*e based on three principles, 
viz.: 

Pbin. I. — The strain on a cord at any point can act only 
along the cord, or along the tangent if it be cnrved. 

Prin. II. — We may apply to flexible cords'in equilibrium all 
the conditions for the equilibrium of rigid bodies ; since, if the 
system of cords became rigid, it would still, with greater rea- 
son, be in equilibrium. 

Pbin. III. — The conditions of equilibrium cannot be applied, 
of course, unless the system can be considered a free hody^ 
which is allowable only when we conceive to be put in, at the 
points of support or fastening, the reactions (upon the cord) 
of those points and the supports removed. These reactions 
having been put in, then consider the case in Fig. 45 in one 
plane. If we take any point, jp, cni the co7*d ajB a centre 
of moments, knowing that the resultant H^ of the forces jP„ 
-P„ and -P„ situated on one side of ^, must act along the cord 

2P, through J? (by Prin. 1), therefore 
we have P.a^ — P,a, — P/i^ 
>^ = i? X zero = 0, and (equally 
^» well) P.a. - P.a. - P,a, = 0. 
That is, in a system of cords in 
Fio. 45. equilibrium in a plane, if a centre 

of moments he taken on the cord^ the algebraic sum of t/ie ma- 
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ments of those forces situated on one side {either) of this point 
wiil equal zero, 

41. The Fuller. — -A- cord in eqiiilibrinm over a pnlley whose 
axle is smooth has the same tension on both eidee ; for, Fig. 46, 





considering the pulley and its portion of cord free S{Pa) — 
about the centre of axle gives JP'r = Pr, i.e., P' = P :z= ten- 
sion in tlie cord. Ilence the pressnro Ji at tlie axle bisects 
the angle a, and therefore if a weiglited pulley rides npon a 
cord ABC, Fig. 47, its position of equilibrium, B, may bo 
fonud by cutting the vertic:tl throiigli A by an lire of ndins 
CD = length of cord, and centre at C, iiiiii drawing a horizon- 
tal through the middle of AB to cut CD in B. A smooth 
ring would serve as well as the pulley ; this would be a slip- 
knot. 



42. If three cords meet at B.Jtxedknot, and are in equilib- 
rium, the tension in any one is the equal and 
opposite of the resultant of those in the other "^ 
two, 

43. TooUe. — If a cord is continuous orer a 
number of sheaves in blocks fonnhig a tackle, 
neglecting tlie weight of the cord and blocks and 
f i-iction of any sort, we may cosily find the ratio P jl 
between the cord-tension P and the weight to be 
sustained. E.g., Fig. 48, regarding all the stmight 
cords as vertical and considering tlie block B 
free, we have, Fig. 49 (from 2 Y^ 0), iP~Cf rwT«. fio.V 

= 0, .-. -P = X- '^'"^ ^'"'^^ o" "^''O support C will = 8^ 
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44. Weights Suspended by Fixed Knots. — Given all the geo- 
metrical elements in Fig. 50, and 
one weight, G^l required the re- 
maining weights and the forces 
Sq, Vq, H^ and T^, at the points 
of support, that equilibrium may 
obtain. H^ and Fq are the hori- 
zontal and vertical components of 
the tension in the cord at 0\ 
similarly H^ and Y^ those at n. There are n + 2 unknowns. 
From Prin. II we have -2X = 0, and 2 y = 0; i.e., H^— H^ 
= 0,and [G^,+ G^, + ...]-[Fo+ T^n]=0. While irom 
Prin. III., taking the successive knots, 1, 2, etc., as centres of 
moments, we have 

- 7,^. + J5^^, = 0, 

- Fc^. + J5;y. + GSx, - x^) = 0, 

etc., for ri knots. 

Thus we have n + 2 independent equations, a sufficient 
number, and they are all of the firet degree (with reference to 
the unknowns), and easily solved. As a special solution, we 
^ay, by § 42, resolve G^ in the directions of the firet and sec- 
ond cord-segments, and obtain their tensions by a parallelogram 
of forces ; then at the second knot, knowing the tension in the 
second -segment, we may find that in the third and G^ in like 
manner, and so on. Of course H^ and Y^ are components of 
the tension in the first segment, H^ and Y^ of that in the 
last. 

46. The converse of the problem in § 44, viz., given the 
weights G^^ etc., x^ and y^, the lengths a, J, c, etc.; required 
J5i, Fi, H^^ Fn, and the co-ordinates a?„ y^, a?„ y,, etc., of the 
fixed knots when equilibrium exists, contains 27i + 2 un- 
knowns. Statics furnishes n + 2 equations (already given in 
§ 44) ; while geometry gives the other n equations, one for 
each cord-segment, viz., »,* -|- y,' = a* ; (a?, — ar,)* + (y« "" yO* 
= V\ etc. 
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However, most of these 2/1 + 2 equations are of the second 
degree ; hence in the general case they cannot be solved. 

46. Loaded Cord as Parabola. — If the weights are equal and 
infinitely small, and are intended to be uniformly spaced 
along the horizontal^ when equilib- 
rium obtains, the cord having no 
weight, it will form a parabola. Let 
q = weight of loads per horizontal 
linear unit, be the vertex of the 
curve in which the cord hangs, and 
m any point. We may consider 
the portion Om as a free body^ if 
the reactions of the contiguous portions of the cord are put in, 
Hq and T, and these (from Prin. I.) must act along the tangents 
to the curve at and m, respectively ; i.e., Hq is horizontal, 

dy 
and T makes some angle (p (whose tangent = -r-, etc.) with 

the axis X. Applying Prin. II., 
2Z=0give8rcos9>-.J7=0; i.e., ^ = *//o; . . (1) 

2 Y=i gives jT sin 9> - ja? = ; i.e., T^J = qx. . . (2) 

Dividing (2) by (1), member by member, we have -~ = ~ ; 

/. dy = -YfiXfdXj the differential equation of the curve ; 

y = jjL i^dx = -~ . - ; or ar = y, the equation of a 

parabola whose vertex is at and axis vertical. 
Note. — The same result, ;^ = ^ . uiay be obtained by consideriDg that 

we have here (Prin. II.) afree rigid body acted on 
by three forces, T, /7o. and R = qx, acting verti- 
cally through the middle of the abscissa x; the 
resultant of Uo and H must be equal and oppo- 




site to T, Fig. 52. 



tan<?>=-^^.or 



Evidently also the tangent-line bisefl 
scissa X. 
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47. Problem under § 46. [Case of a siispenaion-bridge in 
wliieh tlie BnspenBion-rods are vertical, tlie weight of roadway 
is uniform per horizontal foot, and large compared with that 
of the cable and rods. Hore the roadway 13 the only load : it 
is generally furnished with a BtifEening truss to avoid deforma- 
tion under passing loads.] — Given tlie epan = 2i, Fig. 53, 
Y| V-F/l ^^^ deflection = a, and the rate of loading 

k — 6 — j^ . m^ = <1 lbs. per horizontal foot ; retpiired the 
o — ■^"^^^ ' tension in the cable at 0, also at in' ; and 
"fir^i iT t i 4.* ""^ *'"^ length of cable needed. From the 
Fio. M. equation of the parabola q^ =■ 'illdl/y put- 

ting x = h and y = a, we have JT^ = qft' -~ 2« = the tensioD 
at 0. From 2r=0we have V, = qb, while SX= gives 



ff, = B,; .: Uie tension at m' = v'll,' + F,'= ^{^h Via'-{-f>']. 

The flemi-length, Om', of cable (from p. SS, Todhunter'a In- 
tegral Calculus) is (letting n denote ffa -i- 2q) 

Om.-= ♦W+^' + n.los.[(l^.t- V^Tfa)^ VTq. 

48. The Cateftary. — A flexible, inextensihle coid or chain, of 
unifonn weight per unit of length, hung at two points, and 
snpportitig its own weight alone, forms a curve called the 
catenary. Let the tension IIq at the lowest point or vertex be 
represented (for algebraic convenience) by the weight of an 
imaginary length, 0, of similar cord weighing q ll». per nnit 
of length, i.e., II^r=qo\ an actual portion of the cord, of 
length s, weighs qs lbs. Fig. 5i shows i\6 free and in cqnilib- 
, J Hum a portion of the curve of any 

^ (is/ldM 1 length », reckoning from O the 

""^ ' ^ -^^^ — vertex. Required the equation of 

the curve. The load is uniformly 
spaced along th« curve, and not 
~* horizontally, as in g§ 46 and 47. 

2T=0gixeB2Y =qa; while 




:SX=Ogim 

squaring c'di/' 



4r 



qc. Ilenee, by division, cdy = adw, and 

(1) 
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Put Jy* = <fo* — da?*, and we have, after solving for efo, 

and a? = . log, [(« + V?+V) -S- <?], . . . (2) 

a relation between the horizontal abscissa and length of curve. 
Again, in eq. (1) put dsf = di* — <?y', and solve for dy. 

This gives dy = :j^^=i = g ' "(^T?)*- ^^^^^^ ^^'® 
y = \£{<? + ^«)-*e?(o' + B^) = i[;2(c' + *')*, and finally 

y=V7+V-C (3) 

Clearing of radicals and solving for c, we have 

o = (««-y«)H-2y (4) 

Eacanvple, — A 40-foot chain weighs 240 lbs., and is so hung 
from two points at the same level that the deflection is 10 
feet. Here, for « = 20 ft., y = 10 ; hence eq. (4) gives the 
pa/rameter^ c = (400 — 100) -=- 20 = 15 feet, y = 240 — 40 
= 6 lbs. per foot. .•. the tension at the middle is Hq=^ qo 
= 6 X 15 = 90 lbs.; while the greatest tension is at either 

snpport and = VW + 120* = 150 lbs. 

Knowing c = 15 feet, and putting « = 20 feet = half 
length of chain, we may compute the corresponding value of 
X from eq. (2) ; this will be the half-span [log, m = 2.30258 
X (common log w)]. To derive a in tenns of a?, transform 
eq. (2) in the sense in which n = log, m may be transformed 
into €* = m, clear of radicals, and solve for «, which gives 

8 = icle' - < 'J (4) 

Again, eliminate « from (2) by substitution from (3), trans- 
form as above, clear of radicals, and solve for y -\-c, whence 



y + c = icp + 



e " 



(5^ 
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which is the equation of a catenary with axes as in Fig. 54. 
If the horizontal axis be taken, a distance = c below the ver- 
tex, the new ordinate y' = y + c, while x remains the same ; 
the last equation is simplified. 

If the span and length of chain are given, or if the span 
and deflection are given, c can be determined from (4) or (5) 
only bj successive assumptions and approximations. 



PART II.-DYNAMICS. 



CHAPTER I. 

RECTILINEAR MOTION OF A MATERIAL POINT. 

49. TTniform Motion implies that the moving point passes 
over equal distances in eqnal times ; variable motion, that un- 
equal distances are passed over in equal times. In uniform 
motion the distance passed over in a unit of time, as one sec- 
ond, is called the velocity (= v), which may also be obtained 
by dividing the length of any portion (= s) of the patli by 
the time (= t) taken to describe that portion, however small or 
great ; in variable motion, however, tlie velocity varies from 
point to point, its value at any point being expressed as the 
quotient of ds (an infinitely small distance containing the 
given point) by dt (the infinitely small portion of time in 
which ds is described). 

49a. By acceleration is meant the rate at which the velocity 
of a variable motion is changing at any point, and may be a 
tmiform acceleration^ in which case it equals the total change 
of velocity between any two points, however far apart, divided 
by the time of passage ; or a variable acceleration, having a 
different value at every point, this value then being obtained 
by dividing the velocity-increment, dv, or gain of velocity 
in passing from the given point to one infinitely near to it, by 
dt, the time occupied in acquiring the gain. (Acceleration 
must be understood in an algebraic sense, a negative accelera- 
tion implying a decreasing velocity, or else that the velocity in 
a negative direction is increasing.) The foregoing applies to 
motion in a path -or line of any form whatever, the distances 
mentioned being portions of the path, and therefore measured 
along the path. 
4 
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60. Bectilinear Motion, or motion in a straight line. — The 
general relations of the quantities involved may be thus stated 
(see Fig. 55) : Let v = velocity of the body at any instant ; 
-€ 0, fl ,^g as +S tl^en dv = gain of velocity 



1 



rt 
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in an instant of time dt. Let 
i = time elapsed since the 
body left a given fixed point, 
which will be taken as an origin, 0. Let 8 = distance (+ or 
— ) of the body, at any instant, from the origin 0; then ds = 
distance traversed in a time dt. Letjp = acceleration = rate 
at which V is increasing at any instant. All these may be 
variable ; and t is taken as the independent variable, i.e., time 
is conceived to elapse by equal small increments, each = dt ; 
hence two consecutive tfo's will not in general be equal, their 
diflference being called d^s. Evidently d't is = zero, i.e., dt is 
constant. 

Since -^- = number of instants in one second, the velocity at 
any instant (i.e., the distance which would be described at that 
rate in one second) '^ t> = <fo . ^t ; .'. v = ^i (I.) 

1 / (l^ ^A 

Similarly, p^dv .-^^ and I since dv = ^l ^f / = 'dtj 

__ rfi) _ ^ /TT \ 

'"•-P"""57'"5? ^ ^^ 

Eliminating e?^, we have also -yrf-y =^?<fo (HL) 

These are the fundamental differential formulae of rectilinear 
motion (for curvilinear motion we have these and some in ad- 
dition) as far as kinematics, i.e., as far as space and time, is 
concerned. The consideration of the mass of the material 
point and the forces acting upon it will give still another rela- 
tion (see § 55). 

61. Bectilinear Motion due to Ghravity. — If a material point 
fall freely in vacuo, no initial direction other than vertical 
having been given to its motion, many experiments Lave 
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eliown that this is a Tinifoi-mly accelerated rectilinear inotioa 
in a vertical line baring an accelei'ation (called the accelera- 
tion of gravity) eqnal to 32.2 feet per square second, or 9.81 
metres per square second; i.e., the velocity iuci-eases at this 
constant rate in a downward direction, or decreases in an up- 
ward direction. 

[Note.— By '• square second " it ia meant to lay stress on the fact that an 
acceleration (being =(I*«-t-(U') is in quality equal to one dlmeusioD of 
length divided by two dimensions ot time. E.g., if instead of using the 
foot and second as units of space and time we use tiie foot and the minute, 
g will = S2.3 X S600; whereas a velocity of say six feet per second would 
= 8 X 60 feet per minute. The value of ^ = 32.3 implies the uniU foot 
and second, and is sufflciently exact for practical purposes.] 

62. Free Fall in Vacuo.— Fig. 56. Let the body start at 

with an initial downward velocity = e. The acceleiTi- _ $ 
tion is constant and = -^g. Reckoning both time and | 

distance (4-downward8) from 0,reqnired the values of *^\ 

the variables a and v after any time t. From cq. (II.), j \ c 

§ 50, we have -\-g = dv ■- dt; .•.dv = gdt, in wliich the * \ 
two variables are separated. 



Hence J^ dv = gj di ; i.e., v 



^ — 0; and finally, IT = c + <;rt (1) Fra. «. 

(Notice the correspondence of the limits in the foi-cgoing 
operation ; when t — 0,v=-i-c.) 

From eq. (L), § 50, v = ds -i- dt ; .•. substituting from (1), 
(fa = (c + gf)dt, in which the two variables a and t are sepa- 
rated. 



•, /"(fo = cXdt + gX'tdi ; i.e., [^ = c[j +ff[_^^, 

8=ct'\-igi'. (2) 

Again, eq. (lU.), § 50, vJu =y(/«, in which tlie vanablea v 
id s are already sejiai-atod. 

.: J^ vdv =Sj^ dti;oT\ ii^ = i/\ *;l.c.,i(v* ~f')^gg, 




E2 MECHANICS OF ENGINEKRING. 

If the initial velocity = zero, i.e., if the l>odj fiills from rest, 
eq. (3) gives «=g-andt)= Vg^A. [From the frequent re- 
currence of these forms, especially inlijdr-aulica, —ie called the 

"height due to the velocity v," i.e., the vertical height tliroiigli 
which the body must fall from rest to acquire the velocity v ; 
wliile, conversely, -/g^A is called the velocitydue to the height 
or Iiead A.] 

By eliminating g between (1) and (3), we may derive another 
foriiHil:! between three variables, «, v, and t, viz., 

. = i(c+«); (4) 

53. Upward Throw. — If the initial velocity were in an up- 
wiird direction in Fig. 56 we might call it — c, and inti-oduce it 
with a negative sign in eqiiatioiiB (1) to (4), just derived; but 
for variety let us call the upward direction -j-j i" wiiich case 
an upward initial velocity wonld = + c, while the acceleration 
=; — g, constant, as before. (The motion is supposed confined 
within such a small range that g does not sensibly vary.) Fig. 



mot" 



5T. Fra 



i} = dv -^ dt we have </« = 



- gdt and 

= <• - gt. (l)a 



J dv = — gj^ di;.\v — c = — gt;o 
From v = ds -i- dt, da = cdi — ytdt, 
■e i.e., j^ ds = ej^ dt — gj^ tdt ; or s=:ct — ^'. (2)a 

-S vdo=pds^yes f vdo:= — gf ffo, whence 

i(y' — c*) = — ga, or finally, a = — ^ — . 

And by eliminating g from (1)» and (3)a, 

tf^Kc+t-y 

The following is now easily verified from these eqoataj 
tfie body passes the origin again (s = 0) with a velocity ^ 4 
after a lapse of time = 3*^ body comes to rog 
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an ioBtant) (pat v = 0) after a time =o -i-^, and at a dietanco 
fi = c* -f- ^ (" height dae to velocity c") from 0. For t > 
c -i- ffyV \6 negative, sliowing a downward motion ; for ( > 
2c ~ g,8 ie negative, i.e., tlie body is below tlie starting-point 
while the rate of change of v is constant and = — ^ at all 
points. 

64. Vevton's Lawt. — As showing the relations existing in 
general between the motion of a material point and the actions 
(forces) of other bodies upon it, experience farnislies the fol- 
lowing three laws or statements as a basis for dynamics ; 

(1) A material point tinder no forces, or under balanced 
forces, remains in a state of rest or of uniform motion in a 
right line. (Tliis property is often called Inertia.) 

(2) If the forces acting on a material point are nnbalanced, 
an acceleration of motion is produced, proportional to the re- 
sultant force and in its direction. 

(3) Every action (force) of one body on another is always 
accompanied hy an equal, opposite, and sinmltaneons reaction. 
(This was interpreted in § 3.) 

As all bodies are made up of material points, the resnlts ob- 
tained in Dynamics of a Material Point serve as a basis for the 
Dynamics of a Kigid Body, of Liquids, and of Gases. 

66. Hau. — If a body is to continue moving in a right line, 
the resultant force P at all instants must be directed along that 
line (otherwise it would have a component deflecting the body 
from its straight course). 

Ill accordance with Newton's second law, denoting by^ the 
acceleration produced by the resultant force (G being the 
bodya weight), we must have the proportion P : G :: p : g; 




orP = Mp. . . (IV.) 



HI.) of § 50 are the fundamental 
ice the (iiioticut G -i- g is invaria- 
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ble, wherever the body be moved on tlio earth's surface {G and 
ff chiiiiging in the same ratio), it will be nsed as tlie nieaenre 
of the mass JT or quantity of matter in the body. In this way 
it will freqnenHy happen that the quantities O and t/ will ap- 
pear ill problems where the weight of the body, i.e., the force 
of the eartli'fi attraction upon it, and the acceleration of gravity 
liave no direct connection with the ciicnmstanceB. No name 
will be given to the unit of mass, it being always nndei-stood 
tliat the fraction G-i-ff will be pnt for J/ before any numeri- 
cal substitution is made. From {IV .) we have, in words, 
) accelerating force = mam X acfelerati-on; 

also, acceUratioii = accelerating force ~ ma«s. 

56. TTnifonnly Accelerated Kotion. — If the resultant force U 
eonatant as time elapee^, the acceleration ninst be coiigtant (from 
eq. (IV.), since of course M is constant) and = P ^ M. The 
motion therefore will be uniformly accelerated, and we have 
only to substitute -|-i> (constant) for g in eqs, (1) to (4) of 
§ 52 for the cpiutioiis of this motion, the initial velocity being 
^ c (in the line of the force). 

v=c-\-pt . . . (1); fl = rf + ij>?; ... (2) 

«= ^"^'^^ ;- ■ ■ (3), and« = i(c + «)( ... (4) 

If the force is in a negative dii-ectioo, the acceleration will 
be negative, and may be called a retanfation; the initial veloe- 
ity should be made negative if its direction i-equires it, 

67. Examples of TTnif. Ace, Sotion. — Sample 1. Fig. S8. 
A small block whoso weight h ^ lb. has already described a 
di,*tntice Ao = 48 inches over a 
smooth ]x)rtion of a lionzontal 
Fio Bs. table in two seconds ; at (5 it en- 

counters a rough ]'ortion, and a conscqnent constant friction of 
3 oz. Required the distance described beyond O. and the time 
occupied in coming to rest. Since we shall nse 32.2 for 
times must be in seconds, and distnncos in feet ; ns to the uuit 



I 



I 
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of force, aa tliat is Btill arbitrary, Baj ounces. Since AO was 
BCQOoth, it mnst have been described with a nnifurni motion 
(the resiBtanco of the air being neglected); lience with a veloc- 
ity = 4 f t. -T- 2 sec. = 2 ft. per sec. Tlie initial velocity for 
the retarded motion, then, is o = + 2 at ^. At any point be- 
yond the acceleration = force -f- mass = (— 2 oz.) -j- (8 oz. 
-7- 32.2) = — 8.05 ft. per square second, i.e., j> = — 8.05 =; 
constant; hence the motion is nniforinly accelerated (retarded 
here), and we may nae the forraulffl of § 56 with c = ■\-%p=: 
— 8,05. At the end of tlie motion v mast be zero, and the 
corresponding valnes of a and t may be found by putting « = 
in equations (3) and (1), and solving for s and t respectively : 
thus from (3), « = (- 4) -5- (— 8.05), i.e.,# = 0.497 +, which 
must be feet ; while from (1), « = (— 2) -^ (— 8.05) = 0.248 +, 
whicli must be seconds. 

Example 2. (Algebraic.) — Fig. 59. The two masses M^ =. 
G, -i- ff and M= G -~ g are connected by n flexible, inexten- 
sible cord. Table sTnootli. Required the acceleration common 
to the two rectilinear motioDS, and the tension in the string S, 



.^^. 



there being no friction under G„ none at the pnlley, and no 
rruMS in the latter or in the cord. At any instant of the mo- 
tion consider O, free (Fig. 60), iV being the pressure of the 
table ngainst G,. Since the motion is in a liorizontal right lino 
5'(vert. compon8.)= 0, i.e., JV— G, = 0, which dctcnnines N. 
S. the only liorizontal force (and resultant of alt the forces) = 
Jfj-, ix-.. 

' (1) 

Atl^ltt< ri; I, (Fif, (11)1 

(lie tciisii'ii : ■ -itpovc - 'V Tlio 

acccJemtinij 

"■ -^ ;/•!■■ ■ (2) 
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J *e From eqiiatioiie (1) and (2) we obtain p = {Og) -f- 
* n (^ ^~ ^i) ~ ^ eotistaiit ; Iience eadi motion ie uniformly 
I r~\acce}erateil, inid we may employ equations {1} to (4) of 
i H~^§ 56 to find the Yclocity and distance from tlie starting- 
* points, at the end of any assigned time i, or vice ver8&. 
Tlie initial velocity must be known, and may be zero. 
Also, fi'om (1) and (2) of tliia article, 

S = {GG,) -^{G -\- a,) = constant. 

Example 3. — A body of 2j (short) tons wciglit is acted on 
during 4 miiiiite by a constant foree 1*. It had previonsly de- 
Bcnbed 316| yards in ISO seconds under no foi-ce; and subse- 
qnently, under no force, describes 9900 inches in ,»„ of anhonr. 
Required the valne of P. Ans. P = 22.1 lbs. 

JCeaanple -i, — A mass of 1 ton having an initial velocity of 4S 
indies per second, is acted on for i minute by a force of 400 
avoii'dupois ounces. Required the final velocity. 

Ans. 10.037 ft. per sec, 

Example 5. — Initial velocity, 60feet per second ; mass weighs 
0,30 of a ton. A resistance of 1124 Ih^- i"etavds it for -^ of 
a minute. Required the distance passed overduring this time. 
Ans. 286.8 feet. 

Example 6. — Required the time in which a force of 600 avoir- 
dupois ounces will increase the velocity of a mass weighing IJ 
tons from 4$0 feet per minute to 240 inches per second. 

Aus. 30 seconds. 

Example 7. — What distance is passed over by a mass of (0.6) 
tons weight during t!ie overcoming of a constant resistance 
(friction), if its velocity, initially 144 inches per sec, is reduced 
to zero in 8 seconds. Required, also, the friction. 

Ans. 48 ft. and 55 lbs. 

Eeample 8. — Before the action of a force (valne reqnii'ed) a 
body of 11 tons Lad described uniformly 950 ft. in 12 minntes. 
Afterwards it describes 1650 feet uniformly in 180 seconds. 
The force acts 30 seconds. P=\ Ans. 7* = 178 lbs. 
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58. Oraphie Sepre8entation& TTnil Aco. Motion. — ^With the 
initial velocity = 0, the equations of § 56 become 

V =pt, (1) s = \pf^ (2) 

« = v* -7- 2p, . • • (3) and s = ^t (4) 

Eqs. (1), (2), and (3) contain each two variables, which may 
graphically be laid off to scale as co-ordinates and thus give a 
curve corresponding to the equation. Thus, Fig. 62, in (L), we 

\K 
It? 






(in.) 



have a right line representing eq. (I.) ; in (II.), a parabola with 
axis parallel to «, and vertex at the oi'igin for eq. (2) ; also a 
parabola similarly situated for eq. (3). Eq. (4) contains three 
variables, «, v, and t. This relation can be shown in (I.), 8 be- 
ing represented by the area of the shaded triangle = ^vt, 
(II.) and (III.) have this advantage, that the axis OS may be 
made the actual path of the body. [Let the student deteiinine 
how the origin shall be moved in each case to meet the supposi- 
tion of an initial velocity = -{" ^ or — c] 

59. Variably Accelerated Motions. — ^We here restate the equa- 
tions 

and resultant force 

= P=Mp, (IV.); 

which are the only ones for general tcse in rectilinear motion. 

Pboblem !• — ^Injgnlling a mass M along a smooth, horizon- 
tul table, by a liorizontal cord, the tenHir)n is ho varied that 
8 = 4tf {net a ^MttHH equation; the units are, Kay, the 
foot and i by what law the tennion varicH. 
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12t; and (lY.) the tension = JP = Mp = 2iMtj i.e., varies 
directly as the tim«. 
PiiOBLEM 2. " Ilarmonic Motion," Fig. 63. — A small block 






^ /-f-^" — ! , 

Fio. 63 

on a smooth horizontal table is attached to two horizontal 
elastic cords (and they to pegs) in snch a way that when the 
block is at Oj each cord is straight but not tense ; in any other 
position, as m, one cord is tense, the other slack. The cords 
are alike in every respect, and, like most springs, the tension 
varies directly with the elongation (= s in figure). If for an 
elongation *, the tension is T^j then for any elongation 8 it is 
T = T^s -^ 8,. The acceleration at any point m, then, is 
jr>=— (r-T-J/)=— {T,8 -7- M8,\ which for brevity put 
p =z — a8y a being a constant. Required the equations of 
motion, the initial velocity being = -\- c, tit 0. From eq. (III.) 

fodv = — a8d8 ; .*. / vdv ^ — a I 8d^j 

i.e., i{v^ — <?')=— ^08^ ; or, v* = c" — as". • (1) 
From (L), dt = d8 -^ v, hence from (1), 

m 



or 
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Inverting (2), we have « = (o -^ Va\ sin {t Va), . . • (3) 

Again, by differentiating (3), see (I.), v = c cos {t Va) (4) 

Differentiating (4), see (H.^ jP = — cVa &in {t Va). . • (5) 

These are the relations required, but the peculiar property 
of the motion is made apparent by inquiring the time of pass- 
ing from to Si state of rest ; i.e., put v = in equation (4), 

we obtain ^ = ^^r -^ Va^ or |;r -f- Va^ or |;r -r- Va, and so on, 
while the corresponding values of s (from equation (3)), are 

+ (c -7- Va), — (c -^ Va), + (^ -t- Va), and so on. This sliows 
that the body vibrates equally on both sides of (? in a cycle or 

period whose duration = 2;r -^ Va, and is independent of the 
initial velocity given it at 0, Each time it passes O the 
velocity is either -|- c, or — <?, the acceleration = 0, and the 

time since the start is = 2n7t -^ Va^ in which n is any whole 

number. At the extreme point ^ = qp ^ ^^ ivom eq. (5). 
If then a different amplitude be given to the oscillation by 
changing o, the duration of the period is still the same, i.e., 
the vibration is isochronal. The motion of an ordinary pen- 
dulum is nearly, that of a cycloidal pendulum exactly, harmonic. 
If the crank-pin of a reciprocating engine moves uniformly 
in its circular path, the piston would have a liarmonic motion 
if the connecting-rod were infinitely long, or if the design in 



^ — 2r- V 



M M 



Fio. &I. 





Fig. 64 were used. (Let the student prove this from eq. (3).) 
Let 2r = length of stroke, and c = the uniform velocity of the 
crank-pin, and JfaT = mass of the piston and voA AB. Tlien 
the velocilyof M at mid-stroke must = <?, at the dead-points, 
zero; its 4Hifftion at mid-stroke zero; at the dead-points 

i0{^^y^Hipd J= T -^Va (from eq. (3)) ; .-. \^ 

'joint (the maximum ace.) 
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= c' -=- r. Hence on aecoiiiit of tlie acceleration (or retarda- 
tion) of M in the neighborhood of a dead-point a pressnre wiil 
be exerted on the crank-pin, eqnal to mass X ace. = M<? ■¥ r 
at those points, independently of the force transmitted due to 
steam -pressnre on tlie piston-iiead, and makes the resnltant 
pi-essnre on tiie pin at C smaller, and at D larger tlian it wonld 
be if the ^'■inertia" of tlie piston and rod were not thus taken 
into account. We may pi-ove tJiis also hy the free-body method, 
considering ABfree immediately after passing (he dead-point 
^ P |G [ill . ^> "^glccting all friction. See Fig. 

71 ^ iti -t f ^^' '^^^ ^^^^^ '*°^'"^ "''^' *'"' ^''® 

U N'l In [yi weight; I^, the pressures of the 

^"^ ^ guides ; P, tlieknown efifectivestcam- 

pressnm on piston-head; and /", the nnknown pressure of 
crank-pin on side of eJot. There is no change of motion ver- 
tically \.-.N'-\-N—G^ 0, and the resultant force h P — P' 
= mass X accel. = Mo* -i- r, hence P' = P ~ Mc* ~ r. 
Similarly at the other dead-point we would obtain P' = P-\- 
M<f -i- r. In high-speed engines with heavy pistons, etc., 
Mc* -4- f is no small item, 

Pkoblkm 3, — Supiweing the earth at rest and the resigtance 
of the air to he null, a body is given an initial upward vertical 
Telocity = 0. Required the velocity at any distance s from 



the centre of the e-irtli, whose attraction varies in- 
versely as the square of the distance *. 

See Fig. 66. — Tlie attraction on the body at tlie 
enrface of the earth where e = y, the i-adius, is ita 
weight G', at any point wi it will be P= G{r* -r- *^, 
while its mass =^ G -i-g. 

Hence the acceleration at m =p = ( — /*) -^ Jf - 
= — tf{r^ -i- «')- Take equation III., vdv = pJs, 
and we have 



£vdv = 



gr' I s~'(/s; or, ^v' = 
e., i(«' - f') = - ;//■- (- . 



-<-\- 



(1) 
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Evideutly v decreasoB, ae it should. Now inquire how email 
a value c maj have that tl|e body shall never return; i.e., 
that V shall not = nntil 8 = oo. Put v = and « = go iu 
(1) and eolve for c ; and we liave 

c = V^ = V2 X 32.2 X 21000000, 

^ abont 36800 ft. per sec. or nearly 7 miles per sec. Con- 
versely, if a body be allowed to fall, from rest, toward the 
earth, the velocity with which it wonid strike the surface 
wonid be lees than seven miles per secoud through whatever 
distance it may Lave fallen. 

If a body were allowed to fall through a straight opening in 
the earth paesing throngh the centre, the motion would be har- 
monic, since the attraction and consequent acceleration now 
vaiy directly with the distance from the centre. See Prob. 2. 
This supposes the earth homogeneous. 

Peoblkm 4. — Steam working expansively and raising a weight. 
Fig. 67. — A pieton works without _ „i „ tl^tQ^ 

friction in a vertical cylinder. Let 
S = total steam- pressure on the 
nndersideof thepiston; the weight /. 
G, of the mass G -^g (wliich in- '; 
eludes the piston itself) and an ' 
atmospheric preeeure = A, con- 
stitute a constant back-pi-eseure. 
Through the portion OB = s,, of fm. m. 

the stroke, S is constant = S^, while beyond B, boiler com- 
munication being " cut off," S diminishes with Boyle's l.iw, i.e., 
in this case, for any point ni above B, we liave, neglecting the 
"clearance", ^ being the cross-section of the cylinder, 



S: 



:Fs,:fs; or S~S,a,^a. 



Full length of stroke = 01^ = *„. Given, then, the forces 
S, and A, the dietances s, and a„, and the velocities at O and 
at iVboth = (i.e., the mass M= G-i- gisto start from rest at 
O, and to come to rest at N), required the proper weight G to 
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fulfil these conditions, S varying as already stated. The accel- 
eration at any point will be 

p=[S--A''ff]-T-M. . . . . (1) 

Hence (eq. III.) Mvdv = [S — A — G^dsy and /. for the 
whole stroke 

Mj^vdv^J^^'iS^-A ^ G^efo; i.e., 

or >8;^,[l + l0ge^J=^«n+G^^n. . • • (2) 

Since S = S^ = constant, from O to £, and variable, = 
f^A "^ ^i irom B to N^ we have had to write the summatiou 

j Sds in two parts. 

From (2), O becomes known, and .•. Jfalso (= <? -^ g). 

Required, further, the time occupied in this upward stroke. 
From to B (the point of cnt-oflE) the motion is uniformly 
accelerated, since p is constant {8 being = 8^ is eq. (1) ), 
with the initial velocity zero; hence, from eq. (3), § 56, 

the velocity at -B = t^i = V2 [S^ — A— G']8^ -r- Jtf"is known ; 
.*. the time t^ = 2*i -^ v^ becomes known (eq. (4), § 56) of de- 
scribing OB. At any point beyond B the velocity v may be ob- 
tained thus : From (III.) vdv = pds^ and eq. (1) we have, 
summing between B and any point above, 

M£'vdv = /S.*,^ 7 - (-4 + G)X!ds ; i.e., 

1^-^ = 'SAlog.^* - (4 + GO (»-«.). 

This gives the relation between the two variables v and s 
anywhere between B and N\ if we solve for v and insert its 
value in dt =: ds -r- % we shall have dt = 2l function of s and 
dSy which is not integrable. Hence we may resort to approxi- 
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mate methods for the time from B to iT. Divide the space 
^iTinto an uneven number of equal parts, say five; the dis- 
tances of the points of division from will be *j, *„ «„ *^, *^, 
and «». For these values of 8 compute (from above equation) 
v^ (already known), t?,, 'y,, v^^ v^, and v^ (known to be zero). To 
the fii*st four spaces apply Simpson's Rule, and we have the 
time from B to the end of «,, 

wliile regarding the motion from 5 to iV as uniformly retarded 
(approximately) with initial velocity = %\ and the final = zero, 
we have (eq. (4), § 56), 

-N 

t = 2(*n — «») -^ ^•. 



[ 



By adding the three times now found we have the whole time 
of ascent. In Fig. 67 the dotted curve on the left shows by 
horizontal ordinates the variation in the velocity as the distance 
8 increases ; similarly on the left are ordinates showing the 
variation of 8. The point E^ where the velocity is a maximum 
= v^^ may be found by putting ^ = 0, i.e., for S=-A-\-G^ 
the acelerating force being = 0, see eq. (1). Below E the ac- 
celerating force, and consequently the acceleration, is positive; 
above, negative (i.e., the back-pressure exceeds the steam- 
pressure). The horizontal ordinates between the line UEKL 
and the right line BTsire proportional to the accelerating force. 
If by condensation of the steam a vacuum is produced be- 
low the piston on its arrival at iT, the accelerating force is 
downward and = A-\- G. [Let the student determine how 
the detail of this problem would be changed, if the cylinder 
were horizontal instead of vertical.] 

60. Direct Central Impact. — Suppose two masses J/j and Jf, 
to be moving in the same right line so that their distance apart 
continually diminishes, and that when the collision or impact 
takes place the line of action of the mutual pressure coincides 
with the line joining their centres of gravity, or centres of 
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mass, as tliev may be called in tliis connection. This ie called 
a dii-ect central impact, and the motion of each mass is varia- 
bly accelerated and rectilinear dnring their contact, tJie only 
force being the pressnre of the other body. The whole mass 
of each body will be considered concenti-jted in the ceutre of 
mass, on the snppogition that all its particles undergo simnl- 
taneoiialy the same cliange of motion in parallel directions. 
(This is not strictly true ; the effect of the pressure being 
gradually felt, and transmitted in vibrations. These vibrations 
endure to some extent after the impact.) When the centi-es 
of mass cease to approach each other the pressui'e between the 
bodies is a maxinmm and the bodies have a common velocity; 
after this, if any capacity for restitution of fonu (elasticity) 
exists in either body, the pressure still continues, bnt dimin- 
ishes in value gradiinlly to zero, when contact ceases and the 
bodies separate with different velocities. Reckoning the time 
from the ilrst instant of contact, let i' = duration of the first 
period, jnst mentioned ; t" that of the first -J- the second (resti- 
tution). Fig. 6S. Let J/, and M^ be the masses, and at any 
instant dnring the contact let t\ and t\ 
be simultaneous values of the velocities 
of the mass-centres respectively (reckon- 
^'°- **■ ing velocities positive toward tlie right), 

and P the pressure (variable). At any instant the acceleration 
of Jif, is p,= — {P -^ J/,), while at the same instant that of 
M, h p, = ->t- (P -^ M,) ; M, being retarded, M, accelerated, 
in velocity. Hence (eq. II., j? = dv-r- dt) we have 

MA\=—P'it\ and M,dv,= -\-Pdt. . . (1) 

Summing all &imil.ir terms for the flrat period of the impact, 
■we bave(calling the velocities before impact c, and c„ and the 
common velocity at instant of maximum pressure 0) 

M,X%.= ~ fJPdt, i.e., J/,(6' -c,) = - f'pdt ; (2) 
M,X%, = +/V</^ i.e., M,{C - c.) = ^f^'piit. . (3) 
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The two integrals ai-o identical, nnmerically, term by term, 
since the pressure wliicli at snj iii&taiit accoteratcs J/, ie nu- 
merically equal to that wliicli retards J/| ; lience, thongli wo do 
not know how P varies with the time, wo can eliminate tlie 
definite integral between (2) and (3) and solve for 6' If 
the impact is inelastic (i.e., no power of restitntion in either 
body, either on acoonnt of their total inelasticity or damaging 
effect of the pressure at the surfaces of contact), they continue 
to move with tliis common velocity, which is therefore their 
final velocity. Solving, we hare 

^- J/.+Jf, W 

Next, supposing that the impact '\^ ^HiaUy eXat^ic^^wli the 
bodies are of the same material, and that the summation 

/ Pdt for the second period of the impact bears a ratio, 6, 

to tliat / Pdt, already nscd, a ratio peculiar to tlie material, 

if the impact is not too severe, we have, summing equations 
(1) for the second period (letting F, and F, = the velocities 
after impact), 

M, fj'dv, = - J^'Pdt, i.e., Jf,( F,- C) = - ef*Pdt ; (5) 

M,£^*dv, = + J^'pdi, i.e., J/XK- O) = -\-ef*Pdi. (8) 

e is called the coefficient of restitution. 

Having determined the value of / Pdt from (2) and (S) In 

terms of the masses and initial velocitieii, snlmtitHtc it and tliat 
of O, hum {4% 1m (S% aad we bare (for the final velocitieii) 

and feimiltU'lj 
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e=lj or elastic impact^ (7) and (8) become somewhat simpli- 
fied. 

To determine e experimentally, let a ball (J/,) of the sub- 
stance full* upon a very large slab (Jf,) of tJie same suhatcmce^ 
noting both the height of fall A^, and the height of rebound H^. 
Considering M^ as = oo, with 



cz=iV 2yh^, F;=— V ^H^j and e, = (?, 
eq. (7) gives 

Let the student prove the following from equations (2), (3), 
(5), and (6) : 

(a) For any direct central impact whatever, 

[The product of a mass by its velocity being sometimes 
called its momentum^ this result may be stated thus : 

In any direct central impact the sum of the momenta before 
impact is eqnal to that after impact (or at any instant during 
impact). This principle is called the Conservation of MoTnen- 
turn. The present is only a particular case of a more general 
proposition. 

It may be proved C^ eq. (4), is the velocity of the centre of 
gi'avity of the two masses before impact ; the conservation of 
momentum, then, asserts that this velocity is unchanged by the 
impact, i.e., by the mutual actions of the two bodies.] 

(6) The loss of velocity of Jf„ and the gain of velocity of 
J/,, are twice as great when the impact is elastic as when in- 
elastic. 

((?) If d = 1, and M^ = Jf,, then F, = — o„ and T^ = <?,. 
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"VIRTUAL YELOCITlEa" 



61. BeflnitioQi- — If a material point is moving in a direction 
not coincident with that of tlie reBultuiit force acting (as in 
corvilinear motion in tlie next cliapter), and any element of its 
patli, ds, projected apoii tliis force ; tlie length of tliis projec- 
tion, du, Fig. 69, is called the " Tibtual VBLocnr" of the 
force, since du -=- dt may be considered tlie veloc- — 

ity of the force at this instant, just s& de-^ di ^^aur, y^^ 
tliatof the point. The pi-odnct of the force by o^^^ 
its du will be called its virtual moTnent, reckoned "*'^~-— 4; 
+ or — according as the direction from OtoDia "'' *" 
tlie same as that of the force or opposite. 

63. Prop, L — 7%e virtual moment of a force equala the 
algAraie sum of those of its componenta. Fig. 70. Take tlie 

p .^ direction of (2s as an axis X\ let P, and P, 

'^ "^ be components of P\ nr„ a„ and a their 
iigles with X Then (§ 16) J" cob a = 
P^ cos a,-{-Pt cos or,. Hence P{d« cos ar)= 
'^9"'^ ,^^ Pj^da cos a,) + P,(*& cos ar,). But da cos a 

~^X ^ the projection of da npon P, i.e., = du ; 
no. JO. (£j cog a^ = rf«„ etc. ; .•. Pdu = P^du, -\- 

P,du^. If in Fig. TO. or, were > 90°, evidently we would 
have Pdu = — P,du, + P,du„ i.e., P,du, would then be 
negative, and OD^ would fall behind O; lience the definition 
of + and — in § CI. For finy nnmber of compcments the 
proof would he eiimlar, and is eijunlly appUeable whether they 
are in one plane or not, 

63. Prop. n. — 77(c sum of the i;iV;'.. -r.'-i s^ro, 

for concurrent forcea in eqjnlibriniii. 
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(If the forces are balanced, the material point is moving in 
a sti-aiglit line if moving at all.) The resultant force is zero. 
HencG, from § 62, P,du, -\- -P,rf«, + etc. ^ 0, having proper 
regard to sign, i.e., 2{Pdv) = 0. 

64. Prop. m. — The film of the virtual momenta equalssero 
for any small diiplacement or motion of a rigid bodyin equt- 
libritnn, under non-concurreni forces in a plane; allpoititsof 
the lody moving parallel to thisphine. (AlihongU the kinds 
of motion of a giveu rigid hody which ara consistent with 
balanced non-concunent forces have not 3-et been investigated, 
we may imagine any slight motion for the eake of the alge- 
braic relations between the diEEerent du*8 and forces.) 

Firet, let Ihe motion be a translation, all 
points of tlie body describing equal parallel 
lengths = rf«. Take .X parallel to (7«; let a,, 
y etc., be the angles of the forces with X 
Then (§ 35) S{P cos «) - ; .-. A2(/»cos a) 
=; ; bnt d^ COB n, = du, ; d^ cos ff, = rfw, ; 
etc. ; .-. 2{Pdu) - 0. Q. E. D. 

Secondly, let the motioTi be a rotation 
Tia. 11. through a small angle dB in the plane of the 

forcesaboutanypoint Ointhat plane. Fig. 72. Witli f?asapqle 
let p^ be the radins-rector of the point of application of P„ and 
a, its lever-arm irota O; similarly for the ^ 

other forces. In the rotation eacii point of /y"^"'''^ * 

application describes a small arc, rfs,, rf*„ / /^ 

etc., proportional to p,, p„ etc., since rfs, /-■''^ -^'^i 
- p,dO, da, = P,dd, etc. From § 36, ^ /'^-^S- 
P^a^ + etc. = ; but from similar triangles 
da, : rf«, :: p, : a, ; ■■. a, = p,dv, -j- rf#, 
= du, ~- dd ; similarly o, = rfw, -=- d8, etc. ""'■ ^ 

Hence we must have {P,du^-{- P^du,'\- . . .']-^ dd = Qji.Q., 
S{Pdu)-0. Q. E. D. 

Now since any slight displacement or motion of a body may 
be conceived to be accomplished by a small translation fol- 
lowed by a rotation thmngh a small angle, and since the fore- 
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going deals only with projections of paths, the proposition is 
cstabhflhed and is called the Principle of Virtual Velocities. 
[A similar proof may be used for any slight motion what- 
ever in space when a system of nou-concnrrent forces is bal- 
anced.] Evidently if the path (da) of a point of application is 
perpendicalar to the force, the virtual velocity {du), and con- 
sequently the virtual moment {Pdu) of the force are zero. 
Hence we may frequently make the displacement of such a 
character in a pi-obiem that one or more of the forces may be 
excluded from the summation of virtual moments. 



66. Conneoting-Bod b7 Virtual Telooitiei. — Let the effective 
Bteam-pressui'e P be the means, through tije connecting-rod 
and crank (i.e., two links), of raising the weight G very slowly; 
neglect friction and the weight of the links themselves. Con- 
sider AB a&free (see (J) in Fig. 1Z), BCaAso, at (e); let the 




(c.) 



"small displacements" of both be simultaneous small portions 
of their ordinary motion iu the apparatus. A has moved to A, 
through dx; B Xo B„ through ds, a small arc; C has not 
moved. The forces acting on AB are P (steam-pressure), ilT 
(vertical reaction of guide), and If' and 2" (the tangential and 
normal components of the crank-pin pressure). Those on BC 
are W and T (reversed), the weiglit O, and the oblique pressure 
of bearing P'. The motion being slow (or rather the accelera- 
tion being small), each of these two systems will be considered as 
balanced. Now put 2{PiIu) = ft for AB, and we liave 

Pdx -\- A'' y. f) ■]- N' X - Tds = 0. . . (1) . 

For the simaltaneoa^£ABBK^oiid>ng motion of BC, 
2{Pdu) = gives 
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^' X + Tds - Odh-}- P' X = 0, . . (3) 

rfA being the vertical projection of ff's motion. 

From (1) and (2) we Lave, easily, Pdx — GM = 0, . (3) 

,',Bi wliicli ia the same us we might liave- 

t'* ..^B'^-f'^ obtained by putting 2{Pdu) = 0/or 

— ►t' -''?"' - - ■ ■ IgVp' ^ ^^ linhi together, regarded col- 

' * \ Uctively as a free hody, and desciub- 

*'"'• T*- ing a Einall portion of tlie motion 

they really Iiave in the mechaniBin, viz., 

P(/ai-|-JVxO- 6WA + P'xO = 0. . , (4) 

We may therefore jmnonnce tiie — 

66. Generality of tte Principle of Virtual Velocities. — If any 
mechaniam ofJiexiUe inexiensihle cords, or of rigid bodies 
jointed together, or loth, at rest, or in motion with very small 
accelerations, be conside^-ed free coUectively (or any portion of 
»(), am.d all the external forces put in ; then {disregarding 
mutual frictions) for a smail portion of its prescribed motion, 
S{Pd-u) must = 0, in which the du, or virtual velocity, (f 
each force, P is the prqjeotion of the path of the point of 
application upon the force (the product, Pdu, being -f or — 
according to §C1). 

67. Example. — In the problem of | 65, having given the 
weiglit G, required tlie proper steam-pressnre (effective) P to 
bold G in equilibrium, or to raise it uniformly, if ah-eady in 
motion, for a g^tven position of the links. That is, Fig. 75, 
given a, r, c, a, and /3, re- Bi''*^,( 
quired the ratio rfA : dx; for, 
from equation (3), §65, P ^^^ 
= G{dh : dx). Tlie projee- a^^,^<^__// 
tionsof dx and ds npoa AS dzk, 
will be equal, eiiice AB = ^o- "■ 

A,B„ and makes an (infinitely) small angle with A,B„ i.e. 
(io 009 a = (fo COB (/S — a). Also, dh = {c: r)ds ein fi. 
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Eliininatiiig ds, we hare, 
tM c Bin /! cos or 



= G 



,c si n jg COS or 
56 (/J -«^)' 



68. Wlien the acceleration of tlie parte of tlie medianism is 
not practically zei-o, S(Pdu) will not = 0, but a function of 
the masses and veloeiticB to be explained in the chapter on 
"Work, Energy, and Power. If friction occnrs at moving joints, 
enoQgli " free bodies" sbonld be considered that no free body 
extend beyond snch a joint; it will be fonnd that this friction 
cannot be eliminated in tlie way in which T and Sf^ were, in 



69. Additional Froblemt ; to be eolred by " vii-tnal velocities." 
Fboblem 1. — Find relatione between the forces acting on a 
straight lever in eqnilibrinm ; also, on a bent lever. 

Fboblkm 2. — "When an ordinary copying-press is in eqnilit)- 
rinm, find the relation between the force applied horizontally 
and tangentially at the circninference of the wheel, and the 
vertical resistance under the screw-shaft. 
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CHAPTER m. 
CURVILINEAR MOTION OF A MATERIAL POINT. 

[HoIioD ]□ B plane. odIj, will be conBidered in this chapter.] 

70. Farallelo^am of Kotioni. — It ia convenient to regard 
tlio curvilinear motion of a point in a plane as compouwdeJ, or 
made cp, of two independent rectilinear niotione piirallul 
respectively to two co-oitiinate axes Xand Y, as may be ex- 
plained thus : Fig. 76. Consider tlie 
drawing-board CD as fixed, and let the 
head of a T-eqiiare move from A 
toward S along the edge according to 
any law whatever, wliile a pencil moves 
from Jf toward ^ along the blade. The 

mit is a curved line on the board, whose 
Fio. TO, form depends on the character of the 

two Xand Y componeni motions, as they may be called. If 
m a time t, the T-square head has moved an Xdistanee = JfiV, 
and the pencil Biinultaneously a Y distance = MP, by com- 
pleting the parallelogram on these lines, we obtain H, the 
position of the point on the boai-d at the end of the time i,. 
Similarly, at the end of the time /,' we find tlie point at H'. 

71. ParaUelogrram of VelociticB. — ^Let the X and T motions 
be uniform, reqnired the resnlting motion. Fig. 77. Let c,, 
and c^ Iw the constant uniform Xand 1^ velocities. Then in 
any time, t, we have sd = c^ and y = 
c^t; whence we have, eliminating t, 
X -r- y = Gg -^ c^-= constant, i.e., » is ij 
proportional to y, i.e., the path is a O'/' 

straight line. Laying oft OA = c„ (..-.-.; — ^ * 

and AB = c,, i? is a point of the patli, ' fm. tt. 

and OB is the distance described by the point in the first 
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second. Since by similar triangles OR \x\\ OB : c^g^ we 

have also OR = OB • t ; hence the resultant motion is uniform, 

and its velocity, OB = c^is the didgonaZ of the jpa/raUelogram 
formed on the two component velocities. 

CoroUa7*y, — If the resultant motion is curved, the direction 
and velocity of the motion at any point will be given by the 
diagonal formed on the component velocities at that instant. 
The direction of motion is, of course, a tangent to the curve. 

72. Uniformly Accelerated X and Y Hotions. — The initial 
velocities of hoth being zero. Required the resultant motion. 
Fig. 78. From § 56, eq. (2) (both c^, and Cy / ^ 

being = 0), we have x = \jpj? and y = ff .•^^•^■^-yj^ 

ip^j whence a? -t- y = Px-^Py= constant, pJ^y'^Pf / 
and the resultant motion is in a straight Jl^^\ 'Vr ' x 
line. Conceive lines laid oflE from ovl X ^'* * '*' 
and Y to represent j?a. and^y to scale, and ^®' ^' 

form a parallelogram on them. From similar triangles {OR 
being the distance described in the resultant motion in any 

time^, OR : a? :: OB : p^ ; .•. OR = \OBt. Hence, from the 
form of this last equation, the resultant motion is uniformly 

accelerated, and its acceleration is OB = p^ (on tli^ same scale 
asjpa, andjpy). 

This might be called the parallelogram of accelerations, but 
is really a parallelogram of forces, if we consider that a free 
material point, initially at rest at (9, and acted on simulta- 
neously by constant forces P^^ and Py (so that p^^ = P^ -5- M 
and jpy = Py -^ M)y must begin a uniformly accelerated recti- 
linear motion in the direction of the resultant force, having no 
initial velocity in any direction. 

78. In general, considering the point hitherto spoken of as a 
free material pointy under the action of one or more forces, in 
view of the foregoing, and of Newton's second law, given the 
initial velocity in amount and direction, the starting-point, 
the initial amounts and directions of the acting forces and the 
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laws of their variation if they are not constant, we can r 
them into a aingb JT and a eingle Y force at any iDstj| 
dutermirio tlie^iind T^ motions iiide|«;ndeiitly, and ufterwtd 
the resultant motion. The resultant force is never in the direc- 
tion of the tangent to the patli (except at a point of inflection). 
The relations which its ainonnt and direction at any instant 
bear to tiie velocity, the rate of change of that velocity, and 
the mdiiiB of cmvature of the path will appear in the next 
paragraph. 

74. General Equations for the carvilinear motion of a ma- 
terial jMjint in a plane. — The motion will be considered result- 
ing from the composition of 
independent JT and i'' motions, 
^ and 1' being jrerpendicular to 
' each other. Fig. 79. In two 
consecutive eq^oal times (each 
: dt), let dx and dx' = small 
spaces due to the X motion; 
and dy and CK ^^ dy\ dne to 
tiie Y motion. Then d« and 
ds' are twoeonsecutive elements 
- Fio. 79. of the curvilinear motion. Prc>- 

long (fo, making BE=d8\ then EF = iPx, CF=^yy and 
CO ^ d^s {EO being perpendicular to BE). Also draw CL 
jjerpendicnliir to BQ and call CL d'n. Call the velocity of 
the X motion v^, ite acceleration p^; those of the Amotion, 
p, and p^. Tlien, 

dx dy dvx 




v„ 



---dr P' = -, 



= de'> 



dt 

For the velocity along the enrve (i.e., tangent) 
= ds-T- dt, we shall have, since da' = da^ + dy', 



, *?i' d'l/ 

andpj = -jf- := T^. 

' * dt dV 



d»\ _ /dx\ 
dt) ~ [dtl 



\dt 



KdiJ 



= V + ^ 



Hence V is the diagonal formed on v^ and v^ (as in § 71). 
Let pi — the acceleration of v, i.e., the tangential acceleration^ 
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theu p, = <^s -~ df, and, since f^« = the sum of tlie projec- 
tions of .fiyaiid CF on BC,le.,d's'=d'xti06a-]-d^f/6m a, 
we Lave 

^=^cos«r+^sin«;i.e.,7>,=j,,cosar+^,6.M«-. (2) 

By Hormal Acceleration we mean the rate of change of tlie 
velocity in the direction of tlie normal. In desci-ibing the cle- 
ment AB = da, no progress lias been made in the direction of 
the normal JBMi.e., there is no velocitym the direction of the 
normal; but in describing ^C (on account of tlie new direc- 
tion of path) the point has progressed a distance OL (call it 
<2'») in the direction of tlie old normal BH (though none in 
thUt of the new normal CI). Hence, just as the tang, ace 

da' — da d's , , , CL — zero d'n 

__ — _ gQ ti,g normal accel. = 33 = -^w- 

ar rfr av av 

It now remains to express this normal acceleration (=,^0 in 
terms of the X and Y accelerations. From the figure, CL 
= CM- ML, i.e., 

<?» = (?y COB a — ^x sin a jsince EF = ^x\ ; 
(?» d'y d^x . 

dff dt' df 

Hence i>i.=i'vC08 it— ^.sin a. (3) 

The noi-m. ace. may aleo be expressed in terms of the tang, 
velocity V, and the radius of cnrvaturc r, as follows; 
da' = rda, or da = da' ~ r ; also (?n = da' da, ^ da"* -^ r, 
. (Tn {da'\ 1 «' 

If now, Fig. 80, we resolve the forces X — Mp, and Y 

Y =: Mp^ which at this instant account for the 

'" \ / X and Y accelerations {M = mass of the 

\/^ materisl point), Into components along the 

y^ ^ tangent and noi'm.il to the curved path, we 

eliftU luv^ afi i^ir equivalent, a tangential 

for 
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and a normal force 

N = Mpy COB a — Mp„ sin a. 
But [see equations (2), (3), and (4)] we may also write 

r=J(p, = J/-g; and N^Mjp^^M-. . (5) 

Hence^ if a free material point is moving in a curved path^ 
the sum of the tangential components of the acting forces m,ust 
equal (the mass) X tang, aceel.; that of the normal co^nponentSy 
= (the mass) X normal accel. = (mass) X (square of veloc. in 
path) -T- (rad. curv.). 

It is evident, therefore, that the resultant force (= diagonal 
on T and iT or on Xand y, Fig. 80) does not a^t along the tan- 
gent at any point, but toward the concave side of the path ; un- 
less /• = 00. 

Badius of curvature, — From the line above eq. (4) we 
have ^n = ds* -r- r; Iience (line above eq. (3) ), ds* -t- r = 
d^y cos a — d'x sin a ; but cos a=dX'-7-dSy and sin a^^dy-^ds^ 

. il - d'v- - d^a^ ' or ^'' j.-. R^y-^Ka' T 
•'r-^^da ^^' ^^ r -^'^i. daf' J' 

i.e., — = dsi?d\ -J- = d^d (tan a), 

"^-\dt] • iXdtl dt J' 

• 

which is equally true if, for Vgg and tan a, we put v^ and 
tan (90° — - ), respectively. 

Change in the velocity square. — Since the tangential accelera- 
tion -ji =pt, we have ds-j^ =pfds; i.e., 

j=-dv =ptd^y or vdv =ptds and .'. — ^ — = / p^ds. (7) 

having integrated between any initial point of the curve where 
i? = c, and any other point where v = v. This is nothing 
more than equation (III.)? of § 50. 



or, 
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75. Kormal Acceleration. Second Hethod. — Fig. 81. Let 
C be t!ic centre of cnrvatiire am! OD = 2r. Let 0J3' hs a 
portion of the oscillatory paraboU (vertex at p\v,^ 
; any oaenlatory curve will ecrve). Wlien VX 
ds is described, the distaiice paesed over in cV 
the direction of the nonoal la AB; for ids, 
it would bo A'B' = iAB (i.e., as the 
eqnare of OB'; property of a parabola), cio. ei. 
and BO on. Heiico tlio motion along the normal is iiniforiniy 
accelerated with initial velocity = 0, bidcc tlio distance A£, 
Tariea aa the square of the time (considering tlie motion along 
the cnrve of nnifonii velocity, eo that the distance OB ie di- 
rectly as the time). If^^ denote the accel. of this nniforniljr 
aceeleratcd motion, its initial velocity being = 0. we have (eq. 
S, § 5fi) J:g = ip„de, i.e.,_p, = QAB -=- dP. Ent from the 
similar triangles ODB and OAB wo have, j^:rf«::t/^ : 2r, 
hence 2^15 = ds' -i- r, .: j?^ =^ ds* ~ rdf = v' -r- r. 

76. Uniform Circular Motion. Centripetal Force. — The ve- 
locity being constant, j>, nmst lie = 0, and .-. T{or 2T if there 
ai-e several forces) must = 0. The resultant of all the forces, 
therefore, must be a normal foi-ce = (J/c' -^ »■) = a con. 
Btant (eq, 5, § 74). This is called the " deviating force," 
or "centripetal force ;" withont it the body would continue 
iu a etraight Hue. Since forces always occur in pairs (§3), 
a "centrifugal force," eqnal and opposite to the "centri- 
petal" (one being the reaction of the other), will be found 
among the forces acting on the body to whose constraint the 
deviation of the first body from its natural straight course is 
due. For example, the attraction of the earth on the moon 

s as a centripetal or deviating force on the latter, while the 

lal and opposite force actint/ on the earth may he called 

the centrifugal. If a small block moving on a 

nth horizontal table is gradually turned from 

aAB by a fixed circular guide, 

? at B, the prcssnre of the guide 

"a the centripetal force Mv'-i- t 

\ the centre of curvature, while 
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tbe centrifugal force Mi? -r- r \s the pressure of tlio block 
against the guide, directed away from that centre. Tiie cen- 
trifugal force, then, is oever found among the forces acting on 
the bod)" whose circular motion we are dealing with. 

Tfie Cimical Penduium, or govemor-balL — Fig. 82. If a 
material point of inasa = M = G -i- g, suspended on a cord of 
length = ^ is to maintain a uniform cir- 
cular motion in a horizontal plane, with a 
given radius r, under the actiou of gravity 
and the cord, required the velocity c to be 
given it. At B we have the body free. 
The only forces acting are G and the eord- 
riQ. B3. tension P. The sura of their normal com- 

ponents, i.e., 2N, must = Mc* -=- r, i.e., P sin a = Mc' -^ r ; 
but, since S (vert, comps.) = 0, P cos a = G. Hence 
(7 tan a = Gv'-~tjr; .: c— V'^z-tan a. Let u = number of 
revolutions per nnitof time, then u^^c -i- 2w/'= t^^-i- 2;r Vk; 
i.e., is inversely proportional to the (vertical projection)* of 
tbe eord-length. The time of one revohition is = 1 -=- «. 

Elevation of the out^ rail on raUroad curves (considera- 
tions of traction disregarded). — Consider a single car ae a 
material point, and free, having a given 
velocity = e. P is the rail-preesnre 

against the wheels. So long as the car f -r — R- 

follows the track the resultant i? of p\ 

and G must point toward the centre of [,_— - , 

curvature and liave a value = Ma* -=- r. "^-^^—r^-^-^ 

But /i= G tan a, whence tan a =: e'-ir gr. ^"^^ \\ 

If therefore the ties are placed at this 

angle a with the horizontal, the prcEsure ^^ ** 

will coitie npon the tread and not on the flanges of the wheels ; 

in other words, the car will not leave the track. (This is really 

the same problem as the preceding) 

Apparent weujht of a body at the equator. — This la less than 
the true weight or attraction of the earth, on account of the 
nniform circular motion of the body with the earth in its 
diurnal rotation. If tlio body hangs from a spring-balance, 
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whose indication is Q lbs. (apparent weight), while the true 
attraction is O' lbs., we have G^' — (7 = J/b* -^ /•. For M 
we may nse O -r- g (apparent values); for r about 20,000,000 
ft.; for (?, 25,000 miles in 24 hrs., reduced to feet per second. 
It results from this that O ]& <i G' hy ^^^^O' nearly, and 
(since 17' = 289) hence if the earth revolved on its axis seven- 
teen times as fast as at present, O would = 0, i.e., bodies 
would apparently have no weight, the earth's attraction on 
them being just equal to the necessary centripetal or deviating 
force necessary to keep the body in its orbit. 

Centripetal force at any latitude, — If the earth were a ho- 
mogeneous liquid, and at rest, its form would be spherical ; but 
when revolving uniformly about the polar diameter, its form 
of relative equilibrium (i.e., no motion of the particles relatively 
to each other) is nearly ellipsoidal, the polar diameter being an 
axis of symmetry. 

Lines of attraction on bodies at its surface do not intei'sect 
in a common point, and the centripetal force requisite to keep 
a suspended body in its orbit (a small circle of the ellipsoid), 
at any latitnde P is the resultant of the attraction or true 
weight O' directed (nearly) toward the centre, and of O the 
tension of the string. Fig. 85. G is the apparent weight, in- 
dicated by a spring-balance and MA is its ^^— r— ..^//^^ 
line of action (plumb-line) normal to the >^^~4--i!i^^i^ 
ocean surface. Evidently the apparent X^^~i G'iy ^ \ 

weight, and consequently g^ are less than r^' A^l 1\ \ 

the true values, since iTmust be perpen- \'>;^ | — -^J 
dicular to the polar axis, while the true ^^^^ ^^/^ 
values themselves, varying inversely as ^vk. sb. 

the square of JfC, decrease toward the equator, hence the ap- 
parent values decrease still more rapidly as the latitude dimin- 
ishes. The following equation gives the apparent g for any 

nearly (an^ foot and second): 

821 cos 2/?. 

b for practical purposes.) 
\ rest, but moving about 
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tlie BTin, and also abont the centre o£ gnivity of the moon and 
eartli, t!ie form of tlje occiin surface is periodically varied, i.e., 
the phenomena of tlie tides are produced. 

77. Cycloidal Pendolom. — This coiisiBts of a material point 
at tiie L'xti'eiiiity of an im ponderable, flexible, and iiiestcnsiblu 
cord of length = I, confined to the arc of a cycloid in a ver- 
tical plane by the cycloidal evoliitcB shown in Fig. 86. Let 
the oscillation begin (from rest) at A, a height = A above 



ill 


^ 


vf 


1)^' 



.h/ 



the vertex. On reaching any lower point, as B (height = z 
above 0), the point has acquired some velocity v, whicli is at 
thia instant increasing at some rate = p,. Now consider the 
point free, Fig. 87; the forces acting are P the cord-tension, 
normal to path, and G the weight, at an angle <p with the 
path. From g 74, eq. (5), 2T = Mj>, gives 

(? cos 9» + P COB 00° = (G -^ g)p,; .-.p, = g aoa (p 
Hence (eq. (7). § 74), vdv = p,da gives 
vdv ^ g cos »pd8 ; but ds cos <p ^ — dz\ .\ vdv := — gdi. 
Summing between A and B, we have 



Jw' := — gj^ dz ; or i(' = ig{k - 



'); 



the same as if it liad fallen freely from rest throngli the heiglit 
h — z. {Thia result evidently ajpliet to any form of path 
■when, he^'des iheyjeight G, there is hut one other fortx, and 
that always normal to thepath.) 
From 2iV = Mv' -h r, we have P — G sin ip = Mv* -i- r. 
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wlieuce P, the cord-tensiou at any point, may be found (here 
r = the radius of curvature at any point = length of straight 
portion of the cord). 

To find the time of passing from ^ to 0, a half-oscillation, 
substitute the above value of v^ in ^=^8.9-^ dt^ putting d^ 
= &?• + &•, and we have df = {dx^ + rf^') -^ [2jr(A — z)\ 
To find dx in terms of dz^ differentiate the equation of the 
curve, which in this position is 



a? = r ver. sin."* {z -5- ?•) + ^2/'s — s' ; 
whence 

__ rdz _i C'' ■" ^V^ _ (^^ ~ ^y^^. 
"" l/2r3 — 3' V2/-S — 3' "~ 4/2r3 — 3»' 

j(r = radius of the generating circle). Substituting, we have 



"Wf '-"'■ 






Hence the whole oscillation occupies a time = n ^l -^ g 
(since I = 4r). This is independent of A, i.e., the oscillations 
ai*e isochronal. This might have been proved by showing that 
p is proportional to OB measured along the curve i i.e., that 
the motion is harmonic, (§ 59, Prob. 2.) 

78. Simple Circular Pendulum. — If the material point oscil- 
lates in the arc of a circle, Fig. 88, proceeding 
as in the preceding problem, we have finally, 
after integration by series, as the time of a full 
oscillation, 

fo /7r 1 A 9 A' -| -^ 

L ■'^V j^L ■*"8 •7 + 256Z' + ""* J* "^"-w. 
Ilence for a small h the time is nearly n VI -i- <j, and the os- 
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cillations nearly isoclirolial. (For the Compound Pcndnlnm, 
see § 117.) 

79. Change in the Velocity Square. — From eq. (7), § 71, we 
have i(ij' — c") =/p^U. lint, from similar triangles, dv, be- 
ing tlie projection of any da of the path upon tiie restiltant 
force E at that instant, Edu = Td^ (or, Prin. of Virt. Veh. 
%Q2,Jidu= Tf/a-f iVxO). rand iV are tlietangenlialand 
normal components of li. Fig. 89. Hence, finally, 

iMv'-iJH<^=/Bdu, (a) 

for all elements of the curve between any two points. In gen- 
,. ^ji-. T eneral E is different in amount and direc- 
tion for each ds of the path, but du is tlio 
distance through which Ji acts, in its own 
Fia. 89. directioa, while the body describes any ds', 

Edu la called the work done by E when ds is described by the 
body. The above equation is i-ead : The difference between the 
initial andjin^al kinetic energy of a bod'j = the work done hy 
the resultatit force in that portion of the path. 

(These phrases will be further spoken of in Chap. VI.) 
Applicaiion of equation (a) to a planet in ita orbit abotit 
the sun. — Fig. 90. Here tiie only force at any instant ia the at- 
traction of the sun i? = C -i-u' (see Pi-ob. 3, § 59), _ 
where C is a constant and u the variable radins 
vector. As u diminishes, v increases, therefore 
dv and du have contrary signs; hence equation . '^uK 
(a) gives (o being the velocity at some initial " ' 
point 0) 

2 ' 3 ./«, tt' L«, «,J 

•'■ f>,=\/ <^-\-'Xf\ — .which is independ- Fio. eo. 

ent of the direction of the initial velocity c. 

NoTK. — If Ho were = ioflnity, Ihe Inst member of eqiintion (b) whuld ro- 
dace to C-*- v,. and U numerically llic quaotliy calki] potential in tlie 
tLeocf of elecEiiciiy. 
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Application of eq. (a) to a projectile in vdcuo. — G^ tlie 
body's weight, is the only force acting, and O 
therefore = B^ while Jf = O -r- g. There- 
fore equation (a) gives 








.*. v^ = V(? + 2gy„ which is independent of pio. m. 

the angle, a, of projection. 

Application of equation (a) to a body sliding, without fHo^ 
tiony on a fixed curved guide in a vertical plane ; initial velo- 
city = c Sit O. — Since there is some pressure at each point be- 
tween the body and the guide, to consider the body free in 
space, we must consider the guide removed and that the body 

describes the given curve as a re- 
sult of the action of the two forces, 
its weight 6r, and the pressure JPj 
of the guide against the body. G 
is constant, while P varies from 
point to point, though alwaj-s (since 
there is no friction) normal to curve. 
At any point, H being the resultant 
of G and P, project ds upon jB, thus obtaining du ; on G^ 
thus obtaining dy ; on P, thus obtaining zero. But by the 
principle of virtual velocities (see § 62) we have Pdu = Gdj/ 
-{- P X zero = Gdy, which substituted in eq. (a) gives 

fl(v: - <n ^f^^Gdy=Gfyy=Gy:, .'.v,= V?+2^, 

and therefore depends only on the vertical distance fallen 
through and the initial velocity, i.e., is independent of the 
form of the guide. 

As to the value of P, tlie mntual pressure between the guide 
and body at any point, since ^N must equal Mv* -t- r^r being 
the variable radius of curvature, we have, as in § 77, 

P — G^ sin 9> = Mv* -¥- r; .\ P = G[B\n 9>+ ('u' -r- gr)]. 

As, in general, q> and r are different from point to point of 
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the path, P is not constant. (Tlie student will explain how P 
may be negative on parts of the curve, and the meaning of 
this circumstance.) 




% 

jt 



80. Projectiles in Vacuo. — A ball is projected into the air 
Y (whose resistance is neglected, hence the 

phrase in vacuo) at an angle = a^ with the 
liorizontal ; required its path ; assuming it 
confined to a vertical plane. Resolve the 
:^"~ motion into independent horizontal (X) 
Fio. 88. and vertical (1^) motions, G'^, the weight, 

the only force acting, being correspondingly replaced by its 
horizontal component = zero, and its vertical component 
-=. ^ G. Similarly thoinitial velocity along X= c^j = ^ cos a,, 
along 1^, = Cy = csin a^. The JT acceleration '=-Px = -f- Jf 
= 0, i.e., the X motion is uniform, the velocity Vg^ remains 
= Ca, = c cos Of, at all points, hence, reckoning the time from (?, 
at the end of any time t we have 

a? = c(cos ot)t. (1) 

In the Y motion, ^y = (— G^) -j- jr= — g^ i.e., it is uniformly 
retarded, the initial velocity being Cy=- c sin a^ ; hence, after 
any time ^, the Y velocity will be (see § 56) Vy = <? sin or, — gt^ 
while the distance 

y = c(8in a^t — \gf (2) 

Between (1) and (2) we may eliminate ^, and obtain as the 
equation of the trajectory or path 

y = a? tan ^, — ^ , « — . 
^ • ^<? cos* a^ 

For brevity put c* = ^gh^ h being the ideal height due to the 
velocity c, i.e., c* -=- 2y (see § 53 ; if the ball Avere directed ver- 
tically upward, a height h = c* -^ 2g would be actually at- 
tained, a being = 90°), and we have 

a?* 

y = a? tan a, — -.-j i — (3) 

^ • 4A cos* a^ ^ ^ 

This is easily shown to be the equation of a parabola, with its 
axis vertical. 
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TTie horizontal range. — Fig. 94. Putting y = in equa- 
tion (3), we obtain 



X [tan a, — - .i - '" , — \ = 0, 
L 4A cos Of J ' 



wliich 18 Batisficd botli by a; = (i.e., at tlie 

origin), and by » = 4A cos ar, sin a,. Hence 

tlie horizontal range for a given c and a, is ^^- "*■ 

Wr = ih cos «, sin a, = 2A ein So-.. 

For a, = 45° tliis is a maximum (c remaining tlie same), 
being then ^ 2A. Also, since sin 2a, = sin (ISO" — 2a,) = 
sin 2(90° — or,), therefore any two complementary angles of 
projection give the same horizontal range. 

Greatest height of ascent ; that is, tlie value of y maximum, 
= y^. — Fig. 94. Differentiate (3), obtaining 



dx ' 2A cos' a,' 

which, put = 0, gives a = 2A sin a, cos a„ and this value of 
X in (3) gives y„ = A sin' a,. 

(Let the student obtain this more simply by considering the 
F motion separately.) 

To strike a give?i. jpoint ; c being given and a, required. — 
Let a^ and y' be the co-ordinates of tlie given point, and a,' 
the unknown angle of projection. Substitute these in equa- 
tion (3), h being known =c' -i-2g, and we have 

ar" 1 

i/ = ic' tan <*' — Ti i — h Put cos' a,' = = — ; ^ — ;, 

y ■"""'. 4A cos' ff,"^ • 1 + tan' a," 

and solve for tan a,', whence 

tan a', = [2A ± Vih' — x" — ihy' '\-t-sb'.. . (4) 

Evidently, if the qnantlly under tiie radical in (4) ie negative, 

tnn «/ is JmagiiLiry, i.e., the given point is out of range with 
the given velocity of projection o= VSgfi ; if positive, tan a/ 
has two values, i.e.. tww inji-ctonti^ miy be passed thiijngli 
the point! while if ' ■ uoa value. 

The moahjtCj i<ji l,avjiig the same 
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initial velocity c (and hence the same h) ; i.e., tlie curve tan- 
gent to them nil, lias hut one point of contact with any one of 
them; hence eacii point of the envelope, Fig. 95, mnst have 
co-ordinates eatisfying the con- 
dition, 4A' — x" — Ally' ■=. ; i.e. 
(see equation (+)), that there is 
bnt one trajectory belongingto it. 
Hence, dropping primes, the 
equation of the envelope is 4/i' — 
"-■•"■ a!'-4%=0. Now take C" as a 

new origin, a new horizontal axis J"', and reckon y" positive 
downwai"da ; i.e., substitute x = x" and y =z h — y". The 
equation now becomes x"' = ihy"; evidently the equation of 
a parabola whose axis is vertical, vlioso vertex is at 0", and 
whose parameter = 4/i = double the maximum horizontal 
range. O is tlierefore its focns. 

The range on am. inclined plane. — Fig. 96. Let OG be 
the trace of the inclined plane; its equation Y 
\i y = X tan /?, which, combined with the 
equation of tlie trajectory (eq. 3), will give 
the co-ordinates of their intersection C. ( 
That is, snbstitute y — x ixa in (3) and fio.s«, 

solve for at, which will be tlie abscissa x„ of C. This gives 

X, „ sin a, sin /3 sin («, — '/3) 

■r-j J- = tan <if, — tan p = — — — - — 3 = « : 

4A cofi a. ' '^ cos «■„ cos p cos «, cos p 

.'. «, = 4Aco8 ff. Bin («„ — ^ -^ cos fi, and the range OG, 

which =^x^-~- cos /J, is = (4A -e- cos' /5) cob w, sin (". — >3). (5) 

The maximum range on a ffiven inclined plane, p, c (and 
.'. h), remaining constant, while a, varies. — Tiiat is, required 
the value of «, which renders OC a maximum. Differentiat- 
ing (5) with respect to a„ putting this derivative ■= 0, we have 
[4A ^ cos' /?] [cos ff, cos (fl-, — /?) — sin a, sin {a, — /9)] = ; 
whence cos [a, + (a, — /9)] = ; i.e., ia,- = SO" ; or, 
a, = 45° -)- \0, for a maxinmm range. By substitution this 
maximum becomes known. 

The velocity at any point of the path is v = Vvj^ -\- v^ ^ 
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Vc* — 2ctg sill «, + ff'f (see the first part of this § 80) ; Trliile 
the time offmsage from to an; point wiiose abscisfa is x is 
< = » -j- cos a, ; obtained from equation (1). E.g., to reach 
the point By Fig. 94, we pnt a; = a, = 4A bid cr cos a, and ob- 
tain 1^ = 2c Bin a, -j- g. Tliia will give tiie velocity at ^ = 

81. Aotaal Path of Frt^eotilei. — Small jets of water, bo long as 
tliey remain unbroken, give close approximations to parabolic 
paths, as also any Bmall dense object, e.g., a ball of metal, hav- 
ing a modemte initial velocity. The course of a cannon-ball, 
however, with a velocity of 1200 to 1400 feet per second is 
mnch affected by the resistance of the air, the descending 
branch of the curve being much Bteeper than the ascending ; 
see Fig. dOn. The equation of this curve has not yet been 
determined, btit only the expression for tlio slope (i.e., 
dy : dse) at any point. See Professor Bart- 
lett's Mechanics, § 151 (in which tlie body 
is a sphere having no motion of rotation). 
Swift rotation about an axis, as well as an ^JL 
nneym metrical form witli reference to the 
direction of motion, altera the trajectory 
still further, and may deviate it from a vertical plane. The 
presence of wind would occasion increased irregularity. See 
Johnson's EncycIopEedia, article " Gunnery," 

83. Special Problem (imaginary; from Weisbacli's Mechan- 
ics. The equaiiont are not homogeneous). — Suppose a ma- 
terial point, mass = 3f, to stti-t 
from tlie point O, Fig. 97, with 
a velocity = 9 feet per second 
along the — T axis, being sub- 
jected thereafter to a constant 
. attractive X force, of a value X 
ISJ^ and to a variable Y 
increasing with the time 
da, reckoned from O), 
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viz., Y=^%Mt Required the path, etc. For the JT motion 
we havoj^aj = -Z^-r- Jr= 12, and hence 

dvg, = / j>Jlt = 12 J dt\ i.e., Va, = VU ; 

/pX pt 

dx= I vjlt ; i.e., a? = 12 / tdt-=. Qf. . (1) 

For the Z motion jpy= Y-r- M=% .-. / dVy=:9>jtdt\ 
i.e., -Wy + 9 = 4^, and I dy = I Vydt\ 

y = 4:Jfdt — oy tZ^, or y = ^^ — 9^. . . (2) 

Eliminate t between (1) and (2), and Ave have, as the eqv4i' 
tion of the pathy 

y = ± l(J)' =p >%l p) 

which indicates a curve of tlie third order. 
Tlie velocity at any point is (see § 74, eq, (1) ) 

i;=|/< + ti^«=4^ + 9 (4) 

The length of curve measured from O will be (since v = 
ds -T- dt) 

8 =fd8 =f vdt=A:f fdt + 9f dt=z\e+ 9t. (5) 

The alope^ tan a, at any point = Vy -^ v„ = (4^ — 9) -5- 12^ 

^ ^ tan « 4^ + 9 

7%^ radius of curvature at any point (§ 74, eq. (6) ), sub- 
stituting v„ = 12^, also from (4) and (6), is 

r ,/f tan flfl 1,..- , ^^, ,wx 

,. = ^« H- [i;,'~^^p-J = jgC*^ + 9]', . . (7) 

and the normal acceleration = v^ -^r (eq. (4), § 74), becomes 
from (4) and (7) Pn = 12 (ft. per square second), a constant. 
Hence the centripetal or deviating force at any point, i.e., the 
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2Jfoi the forces JT and Yj is the same at aJl points j and = 
JUif-i'r = 12M. 

From equation (3) it is evident that the curve is symmetrical 
about the axis X. Negative values of -t and a would apply to 
points on the dotted portion in Fig. 97, since the body may be 
considered as having started at any point whatever, so long as 
all the variables have their proper values for that point. 

(Let the student determine how the conditions of this motion 
could be approximated to experimentally.) 

83. Relative and Absolute Yelooities. — Fig. 98. Let Jf be a 

material point having a uniform motion of velocity v, along a 
straight groove cut in the deck of a steamer, which itself has 
a uniform motion of translation, of velocity «;„ over the bed of 
a river. In one second M ad- 
vances a distance v^ along the 
groove, wliich simultaneously has 
moved a distance v^ = AJB with 
the vessel. The absolute path of 
Jf during the second is evidently Fio. 98. 

w (the diagonal formed on v^ and v^^ which may therefore be 
called the ahsolute velocity of the body (considering the bed 
of the river as fixed).; while v^ is its relative velocity^ i.e., rela- 
tive to the vessel. If the motion of the vessel is not one of 
translation, the construction still holds good for an instant of 
time, but v^ is then the velocity of that point of the deck over 
which M is passing at this instant, and v^ is Jf's velocity rela- 
tively to that point alone. 

Conversely, if M be moving over the deck with a given 
absolute velocity — w^ v^ being that oi the vessel, the relative 
velocity i\ may be found by resolving w into two components, 
one of which shall be v, ; the other will be t?,. 

If w is the absolute velocity and direction of the wind, the 
vane on the mast-head will be parallel to J£T^ i.e., to v^ the 
relative velocity ; Avliile if the vessel be rollinp^ 'st- 

head therefore describing a sinuous path, the < 
vane varies periodically. 
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Evidently the effect of the wind on the sails, if any, ■ 
depend on v, tlie relative, and not directly on w the absolute, 
velocity. Similarly, if w is the velocity of a jet of water, and 
V, that of a water-wheel channel, which the water is to enter 
without Gudden deviation, or impact, the chaiinel-partition 
sliould be made tangent to v, and not to w. 

Again, the aherration of light of the stars depends on the 
e-ttiie construction ; i\ is the absolute velocity of a locality of the 
earth's surface (being practically equal to that of the centre) ; 
■w is the absolute direction and velocity of the light from a 
certain star. To see the star, a telescope must be directed 
along MT, i.e., paiailel to «, the relative velocity ; just as in 
the case of the moving vessel, the groove must have the direc- 
tion MT^ if the moving material point, having an absolute 
velocity w, is to pass down the groove without touching its 
sides. Since the velocity of light = 192,000 miles per eecond 
= w, and that of the earth in its orbit = 19 miles per second 
=. «,, the angle of aberration SMT, Fig. 98, will not exceed 
20 seconds of arc ; while it is zero when'w and «, are parallel. 

Ecturning to the wind and sail-boat, it will be seen from 
Fig. 98 that when v, = or even > w, it is still poesible for u, 
to be of such an amount and dii-ection as to give, on s sail 
properly placed, a small wind-pressure, having a small fore-and 
aft component, which in the case of our ice-boat may e.\cced 
the email fore-and-aft resistance of such a craft, and thus v, will 
be still further increased J i.e., an ice-boat may sometimes travel 
faster than the wind which drives it. This has often been 
proved experimentally on the Hudson River. 
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CHAPTER IV. 

MOMENT OP INERTIA. 



[NoTB.— For the propriety of this term and ita use In Mechanics, bm 
g 114; for the prescDt we are 0DI7 coDcemed with its geometrical oature.] 

8K. Plane Pignies. — Jnst as in dealing with the centre of 
gravity of a plane Sgnre (§ 23), \re had occasion to eum tlie 
Berieajsdl^, z being the distance of any element of area, dP^ 
from an axis ; so in subsequent chapters it will be necessary to 
know the valne of the series yz'rf^ for plane figures of variona 
shapes refeiTed to various axes. This summation fz'dF of 
the prodncts arising from multiplying each elemtntary area of 
the figure by the square of its distance fi'om an axis is called 
the moment of inertia of the plane ^gure with respect to the 
axis in question/ its symbol will ho I. If the axis is perpen- 
dicular to the plane of the figure, it may be named the pokir 
mom. (^ inertia (§ 94) ; if the axis lies in the plane, the reo- 
tanguloT mom. of inertia (§§ 90-93). Since the / of a plane 
figure evidently consists oi four dim,ension8 of length, it may ■ 
always be resolved into two factors, thus /= Fl^, in which 
J'= total area of the figure, while h = VI-^ F, is called the 
radius of gyration, because if all the elements of area were 
situated at the same radial distance, k, from the axis, the 
moment of inertia would still be the same, viz., 

I=fl^dF= Vf9F^Fk\ 

86. Bigid Bodiei.~SimiUr1]n, 
motion of a rigid body, we e 
ffi^dMy meaning the enmmatIanjB| 
ninltiplying the mafstfJTof e 
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rigid body hy the eqiiaro of its distance from a specified axis. 
TliiB will be called the moment of inertia of the body with 
respect to the jparticular axis mentioned (oftuii indicated by a 
subscript), and will be denoted by /. As before, it can often 
be conveniently written Ml^, in which M is the whole inaee, 
and k its "radius of gyration" for the axis used, k being 
= Vl-i- M. If the body is homogeneous, the heaviness, y, of 
all its particles will be the E;ime, and we may write 

87. If the body is a liomogeneons plate of an infinitely small 
thit'knsss = r, and of area = J^, we have I = (y -i- g)fp*d V 
= {y -i- g)Tfp'dF; i.e., = (y -^ jr) x thickness X mem. inef' 
tia of the plane figure. 

. Two Parallel Axes. Heduetion Formnla.— Fig. 99. let 
Z and Z' be two paralleJ axes. Then /, 
=/p'(lM, and l^,=J'p'\lM. lint d being 
the distances between the axes, bo that o' 
- V=. rf*. we have /3"= (x — a)'-f-(y — })' 
, =(a!' -\--,f)-\.d? — 2aai — 2Jy, and .-. 
I^=/p'dM'\-d!'/dM-^fxdM 

-dfydil, . (1) 

fki. ». Bnt/oVJf = f„/djf= M, and from the 

theory of the centre of gravity (see § 23, eq. (I), knowing that 

dM =yd Y^ g, and .-. that [/yd V] -^ g-M) we hsLve/xdM 

^ Jilx andyi/(/J/ = -3/y; hence (1) beconiea 

I^ = /,+ J/(*? — 2ax — 2by) (3) 

in which a and J are the » and y of the asis Z'\.ie and y refer 
to the centre of gravity of the body. If .2 is a gravity-axis 
(call it g), both x and y = 0, and (2) beeomee 

/.. ^/„-j-J/if or iv' = V+'^- ■ ■ (3) 

It is therefore evident that the mom. of inertia abant ft gnT> 
ity'axis is smaller than about any oWiesT paralUl axis. . ^BH 

Eq. (3) inclndes the particniar case of a planv J!ff»lr^^ 
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writing area instead of mass, i.e., when Z (now g) is a gravity- 
axis, 

I^^Ig + Fd^ (4) 

89. Other Bednotion FormulsB ; for Plane Figures. — (The axes 
here mentioned lie in the plane of the figure.) For two sets 
of rectangular aocea, having the same origin, the following holds 
good. Fig. 100. Since 

Ix^^fy'dF, and ly^z/x'dF, 

we have /^ + Iy =A^ + f)^^* 

Similarly, Ijj + ly =J{v* + u')dF. 

But since the x and y of any dFlrnvQ the same hypothennse as 
the u and Vy we have -y' + ^' = 2?*+ y*! •'• ^z'\-ir=^ ^v^-^v* 




v\ 



V 









Fio. 100. 



FiQ. 100a. 



Let Xhe a/n, axis of symmetry ; then, given Ix and ly {O is 
anywhere on X\ required /p, U being an aods through and 
making am/y a/ngle a with X. 

lu :=fv*dF=f{y cos Of — a? sin aydF; i.e., 

/j7 = COS* afy*dF^ 2 sin a cos afxydF-\- sin* afx^dF. 

But since the area is symmetrical about X, in summing up the 
products xydFj for every term «( -f- y)dF, there is also a term 
»( -- y)dF to cancel it ; which gives fxydF = 0. Hence 

I^ = cos' alx + sin* or/y. 

The student may easily prove that if two distances a and i 
be set off from on X and Y respectively, made inversely 

proportional to VT^ and V7y, and an ellipse described on a and 
h as semi-axes ; then the moments of inertia of the figure about 



94 
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any axes tlirongli O are inversely proportional to the squared 
of tlie corresponding Bomi-diainDterg of tins ellipee; culled 
tlierefore the Ellipse of Inertia. It follows therefore that tlio 
moinents of inertia about aU gravity-axes of a circle, or a 
regular polygon, are equal ; since their ellipse of inertia mnst 
be a circle. Even if the plane figure is not sjminetrical, an 
"ellipse of inertia" can be located at auj [wint, and has the 
properties already mentioned ; its axes are called tXie^tJunpal 
axes for that point. 

90. The EectaEgle. — First, about it^lase. Fig. 101. Since 
all points of a strip parallel to the base 
have the same co^>rdinate, z, we may take 
di the area of such a strip for dF^ ids; 



■■■ Ib =J^s'dF= hj^s'dz 



Tin. 101. Fia. lltt. 

Secmidhj, abont a gravity-axis parallel to base, 

dF = hds .-. /, =/z'dF = hf_' z^dz = ^h\ 

Thirdly, about any otAer axis in its plane. Use the results 
already obtained in connection with tlio rednction-forinulse of 



60a. The Triangle. — First, nbont an axis through the vertex 
and parallel to the base ; i.e., Ip 
in Fig. 103. Here the length 
of the strip is variable ; call it y. 
From similar triangles 
y = {b-i- A)3; 

.-. ly =fs'dF= fz^ydz = {b^ h)fz'dx = ^h\ 

Secondly, about g, a gravity-axis parallel to t/ie boat. Fig. 
1(W. From §88, eq. (4), we have, since F= \bh and 
d = fA, J^^/v-Fd-^ ibh' - i4A . 4// = ^A". 
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Thirdly, Fig. 104, ahout the haae ; Ib = 1 From § 88, eq. 
(*), /b = /b + I^d", with d = ih; hence 

h = ^h' + ibh . \h' = -^a: 

91. The Circle. — About any diameter, as g. Fig. 105. Polar 
co-ordliiates, Ig-=f^AF. Hero wo \.'6k&dF= area of an ele- 
mentary rectangle = pd<p.Af>, while s = p^m. tp. 




2g = J J ipain ^ypdipdp = / sin' <pd^J P*^P \ 
= TjfS*^^ - J . COS 29«i(29.)] 

= K(^2--0)-(0-0)]. i.e../, = J--.-. 

92. Compound Plane Figures. — Since I=f^dF is an in- 
finite series, it ma; be considered as made np of separate 
groups or subordinate series, combined by algebraic addition, 
corresponding to the Bnbdivision of the componnd figure into 
component figures, each subordinate series being the moment of 
inertia of one of these component figures ; but these separate 
moments mutt all be referred to the satne axis. It is con- 
venient to remember that the {rectangular) / of ii plane 
figure remains unchanged if we conceive foihr or nil of its 
elements Bhiftcd any dietance parallel to the sxu ol ri^Fer- 
ence. E.g., in Fig. 106, the sum of the /» of the racbingle CK, 
and thiit of FJ) is = to the Ig of tlio imnjpnory ni^tAnglu 



r 
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foi-med by shifting one of them parallel to B, until it touches 
the otiicr ; i.e., I^ of CE^ Ig of El) = \hjt,' {§ 90). Hence 
tliQ Is of tlie T shape in Fig, lOfl will he = /^ of rectangle 
AB — Iaoi lect. CE — I a of rect. FD. 
That is, 7a of T = \W - M,']- • • ■ (§ 90). . . (1) 

Aho'id the fframlyaxu. g, Fig, 100. To find the distance d 
from the haee to the centre of gravity, we may make ubc of 
eq. (3) of § 23, writing aieae instead of volumes, or, experi- 
mentally, having cut the giveu shape out of sheet-metal or 
card-board, we may balance it on a knife-edge. Supposing d 
to bo known by some such methml, wo have, fi'om eq. (4) of 
§88, since the axen F= bh — l,h„ !„ = Is — Ed"; 

i.&.,Ig=\{lk'-hJ,,']-{hh~lJi,)<F. . . (2) 
The douhle-T {on), and the iox forms of Fig. 106«, i/" 
symmetini:al about the gi-avity- 
axis ij, liavG nioinents of inertia 
alike in fonn. Here the grav- 
ity-axis (parallel to base) of the 
compound figure is also a grav- 
Fia. loea. ity axis (parallel to base) of encli 

of the two component rectangles, of dimensions h and A, h, aud 
A,, respectively. 

Hence by algebraic addition we have (g 90), for either com- 
pound fieure, - 

/.=A[6A•-M.^ (3) 

(If there is no axis of symmetry parallel to the base we must 
proceed as in dealiTigwith the T-fonu.) SimiUrly for the ring, 






Fig. 107, or space between two coticentrio eircuiuforciices. 
liave, about any diameter or (f (§ 91), 



^(§91), 



ii) 
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The rhombus about a gravity-axis, g, pei-pendicnlar to a 
diagonal, Fig. 108. — Tliis axis divides the figure into two 
equal triaiigicB, symmetrically placed, Leiice the I^ of the 
rhombus equals double the moment of inertia of one triangle 
about its base ; hence (§ 90a) 

7, = 2. -,««■= A**' (5) 

(The result is the same, if either vertex, or both, be shifted 
any distince parallel to AB.) 

For practice, the student may derive results for the trapescrid ; 
ioT the forms in Fig. 106, when the inner corners are rounded 
into eqnal quadrants of circles; foi; the donble-T, wlien the 
lower flanges are shorter than the upper; for the regular 
polygons, etc. 

93. If the plane figure be bounded, wholly or partially, by 
curves, it may be subdivided into an infinite number of strips, 
and the moments of inertia of these (referred to tlie desired 

■ axis) added by integration, if the equations of the curves are 
known; if not, Simpson's Rule, for a finite even nnmber of 
strips, of equal width, may be employed for an approximate 
resnlt. If these strips .tre parallel to the axis, the / of any one 
strip = its length X its widtli X square of distince from axis; 
while if perpendicular to, and terminating in, the axis, its 
/= ^ its widtii X cube of its length (see § 90). 

A graphic metliod of determining the moment of inertia of 
any irregular figure will be given in a subsequent chapter. 

94. Polar Moment of Inertia of PUno Figorei (§ 85).— Since 
the axis is now perpendicular to tlie plane of the figure, inter- 
secting it in a point, O, the distances of the ele- 
ments of area will all radiate from this point, 
and woold better be denoted by p instead of z ; 




, F _-. 1 ''*. ''■''i/F"\s llic ptlar momctit of 
mo figure alwut a specified 
, be duDOlcd by Tj,. But p' fiq. lo 
■ '/F', hence 

■■■■■'.''■■ --/^'iF~\-fy\JF= /j-f /jr. 
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i.e., thepola/r vioment of inertia abottt any given point in 
the plane equals the sum of the rectangular vwmenU of iner- 
tia about any two axes of tJie plane figure, which intersect at 
right angles in the given jmnl. We liave tlierefore for tlie 
circle about its centre 

For a ring of niiii r, and r„ 

/. = *"('•,•-'■.'): 

For the reii-an</le about its cejiire, 

h = iV-^' + -iVAi" = i^W + A') J 
For tlie square, tliis reduces to 

(See §§90 and 91.) 

95. Slender, PTiBmatic, SomogeneouB Rod. — Ketnrning to the 
inouicut of inertia uf rigid lxK!ii;6, or solids, we begin with that 
of a material line, as it might ho calliid, abont 
an axis through ite extremity making some an- 
gle a with the rod. Let / = length of the rod, 
jFits cross-section (very small, the resnlt being 
etrictlj tnie only when F = 0). Subdivide 
the rod into an infinite nnmher of smnll priems, 
each having F&e a base, and sn altitode = ds. Let y = the 
lieaviness of tlie material ; then the mass of ^ii elementary 
prism, or dM, = {y -^ g)Fds, while its distance from the axis 
^ is p =: « sin «. Huiice the moment of inertia of the rod 
n'itli respect to Z as an axis is 




i^d^ =■ i{y -^ g)Fr sin' a 



But yFl -^g = mass of i-od and lun a = a, the distance of 
the fnrther extremity from the axis; Iionce /^ = JJ/a* ami 
the radius of gyration, or k, is found hy writing ^J/a'= JTit*; 
.-. f = ^i', or t = Via (see § 86). If a = 00°, a = l. 

96. Thin Plates. Axis in the Plate. — Lot the plates he liomo- 
geueons and of small constant tiiickncss = r. If the surface of 
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tl)e plate be = ^, and ita IiearinesB y, then its mass ^ y^T — g. 
From § 87 we have for the plate, about any axis, 
/= (y-i-g)TX mam. of inertia of tke plane figure formedlyy 
the shape of the plate (1) 

Mectangvlar plate. Gravity-axis parallel tohaae. — Dimen- 
Bioiis 6 and A, From eq. (1) and § 90 we liave 
I^={y ^ g)r . -^h* = {yhhr ^ g)^h'= ^Mh'; .: A* = ^h\ 

Similarly, if the base is the axis, I^ = \Mh*, .•. }i? = JA'. 

Triangular plate. Axis through vertex parallel to hose. — 
From eq. (1) and § 90ff, dimensions being b and A, 

Iy = (y--- g)rihh' = {y^hr -^ g)^h' = iMh'; .: ^ = ih'. 

Cvre\da/r plate, with any diam,eter as axis. — From eq. (1) 
aDd § 91 we Lave 

/^ = (y 4- g)r\ar' = {yjrr'r -^ g)^ = ^Jfr"; .-. A* = Jr*. 

97. FlateB or Bight FrismB of any TMckneBS (or Altitnde). 
Aria Perpendicular to Sorfaoe (oi Baae). — Ab before, the solid is 
homogeneoos, i.e., of coDstant heaviness y; 
let the altitnde = A. Consider an elementary 
prism, Fig. Ill, whose lengtlt is parallel to the 
axis of reference Z. Its altitnde = A = that 
of the whole solid ; itabase^ di^^an element j| 
of .^the area of the base of solid ; and each 
point of it has the same p. Hence we may 
take its mass, = yhdF-i- g, as the dMin summing the series 
Jg=fp'dM; 
.-.I^^iyA^gYfi'dF 

= (yh -i- g) X polar mom. of inertia of base. . . (2) 

By the use of eq. (2) and the results in §94 we obtain tlio 
following: 

Circular plate, or right nrtntlar eylinder, about the geo- 
metrical axis, r = radine, A = altitnde. 

/, = {yh -=- gyirrr' = iykrtr' -i- ff)kt^ = Mfi^ ,-. &' = ir\ 

Bight paralhlopiped or rfcfOfifffilar j/tatf. — Kit, 112, 
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For a hollow cylinder, about its geometric axis, 

•', = (?' + 1?) W'-,' - O = iU{i-; + f ,•); .-. J- = i(r,' + r;). 




Txa. 113. FlQ. IIS. 

SB. Circular Wire. — Fig. 113 (perspective). Let .^ be a 
gravity-axis perpendicular to the plane of the wire ; Jf and Y 
lie ill this pkne, inlerBectiiig at right angles In the centre 0. 
The wire is homogeneous and of constant (small) cross-section. 
Since, refened to Z, each dM has the same /a = r, we have 
Ig =i/j'(IM= Mr'. Now Ix mnst erinal /y, and (§ 94) tlieir 

.-. /j, or Ir, = i J//-', and ^Vt or Ay = i?-'. 

99. Homogeneaus Solid Cylinder, abotit a diAtmeter of its hose, 
—Fig. 1 U. /i = \ Divide tlie cylinder into an infinite nura- 

hcr of laminiB, or thiti plates, parallel to tlie 
base. Each is some distance 3 from X, of 
thickness rfs, and of radius r (constant). In 
^ — cnch di-aw a gravity-axis (of its own) parallel to 
X. We may now obtain the /^of the whole 
cylinder by adding the /j'e of all the laminaj. TIio Ig of any 
one lamina (§96, circular plate) = its mass Xi'''; hence its 
Ix (eq. (3), g 88) = its I„ + (its moss) X s*. Hence for the 
whole cylinder 

-'x = /* \ir337n-' - ?)(ir'+ 2')] 

i.e., /r = {nr'hy ~ <j){^^ -^W) = Mh 

100. Ivet the student prove (1) that if ] 
any right prism, and i, denote the radius of i 
one lamina, referred to its gi-avity-axis parallel 1 
/x of whole prism = J/(i>' -|- JA') ; and (2) that I 
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of inertia of the cylinder about a gravity-axia parallel to the 
base 18 = M{ir* -f- ■^'). 

101. Homogeneoiis Right Cone. — Fig. 115. Mret, abont an 
axis V, through the vertex andjparaUel /otliebaee. Ab before, 
divide into laminae parallel to the base. Each is a 
cii'Cnlar tbin plate, bnt its i-adius, a, is not = r, bnt, 
from proportion, is aj = (r -i- A)2. . 

The /of any lamina referred to its own gravity- ^ 
axis parallel to Fis (|96) = (its mass) X ^, and ^ 
its Iv (eq. (3), §88) is .-. = its mass X ia" + 
its mass X 2*. 

Hence for the whole cone, 

Secondly, about a gravity-axis parallel to the base. — From 
eq. (3), §83, with ti=;fA{see Prob. 7, §26), and the result 
just obtained, we have /= -M-^lr' ■\- ih']. 

Thirdly, about its geometric axis, Z. — Fig. 116. Since the 
axis is perpendicular to each cii'Cnlar lamina thmngh tlie centre, 
ita/2(§97)is 

= its mass X i(rad.)' = {yn;^dz -^ g)^^. 
Now 3! = (r -^ K)s, and hence for the whole cone 



/^ = Ky^r' -H ?A')/* z'dz = i^nT'hy H- g}M = Jf A*^- 





tight Pyramid of Beotangnlai Base. — 
Proceeding as in the last para- 
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grapli, we derive Ix = J/jV*^. >n wliicli d ie the diagonal of tlie 
base. 

103. Homogeneous Sphere. — About any diameter. Fig. 118. 
Iz = ! Divide into luminiB perpendicular to Z. By § 97, and 
uotiiig that a:' = r'— 2', we Lnvo finally, for the whole 6i>Iiere, 

For a segment, of one or two bases, put proper limits for 3 
in the foregoing, instead of -|- r and — r. 

104. Other Catet-^ParaMic plate, Fig. 119, homogeneons 
and of (any) constant thickness, about 
an axis through 0, the middle of the 

-X chord, and pcrpcDdicular to the plate. 
Tliis is 



Fro. Ill), Fio. IM, 

The area of the segment 



For an elliptic jilate, Fig, 120. homogeneous and of any 
constant tJitckiiess, serai-axes a and h, we have about an axis 
tliroiigji O, normal to surface Ig =' M^a' -\- h'~\ ; while for a 
very email constant thickness 

Ti=M^% a;id Iy = M\a\ 

Tlie area of the ellijise = Tidb. 

Considering Figs. 119 and 120 as plane Jlffures, let the 
student determine their polar and rectangular raomcnte of 
inertia about various axes. 

(For Btill other cases, see p. 518 of Raukine's Applied 
Mechanics, and pp. 593 and 594 of Coxe's Weiebach.) 

106, Numerical SabBtttntion. — The mmnents of inertia of 
plane Jigttres involve dimensions of length alone, and will he 
utilized in the problems involving flexure and torsion of beams, 
where the inch is the most convenient linear unit. E.g., thft 
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polar moment of inertia of a circle of two inclies radine about 
its centre is ^ar* = 25.1d -\- biquadratic, or four-dimension, 
incites, as it may be called. Since this quantity contains four 
diineiiBions of length, the use of the foot instead of the inch 
would diminish its numerical value in the ratio of tlie fonrth 
power of twelve to unity, 

Tlie moment of inertia of a rigid lody, or solid, however, 
= Mk' ^ (tf H- g)l^, in which G, the weight, is expressed in 
units of force, g involves both time and space (length), while i* 
involves length (two dimensions). Hence in any iiomogcneona 
formula in which the /of a solid occurs, we must be cai-efiil to 
employ units consistently ; e.g., if in substituting G -i-giovM 
(as will always be done nnmencally) we pnt g = 32.2, we 
should use the second as unit of time, and the foot as linear 
nnit. 

106. Example. — Keqnired the moment of inertia, about the 
axis of rotation, of a pnlley consisting of a rim, four parallelo- 
pipedical arms, and a cylindrical hub which may be considered 
solid, being filled by a portion of the sliaft. 
Fig. 121. C:i]l the weiglit of the hub G, 
its radius r; similarly, for the rim, C^„ r, 
and r, ; the weight of one arm being = G,. (l 
The total / will bfe the snm of tlie /'s of \ 
the component parts, referred to t/ie same 
axia, viz. : Those of the hub and rim will 
be {G -=- ff)ir' and (tf, -^ gW'+r**), 
respectively (§ 97), while if the arms are *'"'■ '*■■ 

not very thick compared with their length, we have for them 
(§§95 and 88) 

4(C-?)[K^-'■)•-i(^-r)• + [r4.i(r.-r)]■], 
as an approximation (obtained by reduction from the axis at 
the extremi^ of an ann to a parallel gravity-axis, then to the 
reqtul!^,||jgg|umiiUiplying by four). In most tly-wheels, 
heavy, besides being the farthest 
n, th.it the moment of inertia 
ical purposes neglected. 
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107. Ellipsoid of Inertia. — The moments of inertia about 
all axes passing tlirongli any given point of any rigid body 
whatever may be proved to be inversely proportional to the 
squares of the diameters which they intercept in an imaginary 
ellipsoid, whose centre is the given point, and whose position 
in the body depends on the distribution of its mass and the 
location of the given point. The three axes which contain the 
three principal diametei*s of the ellipsoid are called the Princi- 
pal Axes of the body for the given point. This is called the 
ellipsoid of inertia. (Compare § 89.) Hence the moments of 
inertia of any homogeneous regular polyedron about all gravity- 
axes are equal, since then the ellipsoid becomes a sphere. It 
can also be proved that for any rigid body, if the co-ordinate 
axes JT, l^,and Z, are taken coincident with the three principal 
axes at any point, we shall have 

fxydM^O\ fyzdM=^0\ and fzxdM = ^. 



DTHAHICS OP A BIOID BODY. 
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108. Oeneial Hethod. — Among the possible motioDS of a 
rigid body t]ie most important for practical purposes (aod for- 
tunately tlie most Gitnple to treat) are : a motion of trandation, 
in which the particles move in pai-allel right lines with eqnal 
accelerations and velocities at any given instant; and rotation 
about a fixed axis, in whicli the paitidcB describe cii'cleB in 
parallel pluiics with velocities and accelerations proportional 
(at an; given instant) to their distances from tlie axis. Othci* 
motions will be mentioned later. To determine relations, or 
equations, between the elements of the motion, the mass and 
form of the body, and the forces acting {which do not necea- 
sat'ily font] an unbalanced system), the most dii-eet method to 
be employed is that of two equivalent systems of forces (§ 15), 
one consisting of the actual forces acting on the body,' con- 
sidered free, the otlier imaginary, consisting of the infinite 
iinmber of forces which, applied to the sepai-ate material pointa 
composing the body, would account for their individual mo- 
tions, as if tliey were an assemblnge of particles without mutual 
actions or coherence. If the body were at rest, then considered 
free, and the forces referred to three co-ordinate axes, they 
would constitute a balanced system, for which the six summa- 
tions 2X, S V, SZ, 2(iT)om,)r, 2(inom,)y, umi 2{n}om.)z. 
would each = 0; but in most ciiscs of motina Mmw or all of 
these snms are equal (nt any ijiv 
the corresponding summation of Uh) "] 
system, i.e.,to expressions involving i' 
(or material points), their distributio 





106 MECDANICS OF ENGINEERING, 

elements of tlie motion. That is, wo obtain six equations By 
putting tlje i'^of the actual system equal to the 2JC of tlie 
imagiiiury, and so on ; for a definite instant of time (since some 
of the quantities may be variable). 

lOS. Tranilation. — Fig. 123. At a given inetant all the par- 
ticles have the same velocity = v, in parallel nght lines (par- 
allel to the axis A", say), and the 
same acceleration p. Required 
D-^HMp the 2X of the iicting forces, 
l^,y shown at (L). (II.) shows tlio 
imaginary equivalent system, con- 
sisting of a force = mass X ace. 
= dMp nppMeii parallel toXto 
(I.) (n.) each particle, since such a force 

^"'' "~ wonld be necessary (from eq, (IV.) 

§ 55) to account for the accelerated rectilinear motion of llie 
particle, independently of the others. Patting {2X)i={2X)u, 
we have 

{2X)j=/pdM=p/dM=Mp. . . . (V.) 

It is evident that the resultant of system (II.) must be paral- 
lel to JT; hence that of (I,), which =: (22^)j and may be de- 
noted by S, must also bo parallel to X; let a = perpendienlar 
distance from 72 to the piano J'X; a will lie parallel to Z. 
Now put [2(mom.)i-]7 = [■^'(mom. i.)]/^ (3^ is an axis perpen- 
dienlar to paper through 0) and we have — £a =^ — fdMps 
= —pfdMz = —pMz (§ 88), i.e., a =i. A similar result 
may be pi-oved as regards y. Hence, if a riffid body has a 
motion of translation, the remttlanl force must act in a line 
throtigh the centre of gravity (liere more projierly called the 
centre of mass), and paraU^ to the ifireHion- of motion. Or, 
practically, in dealing with a rigid body Laving a motion of 
translation, wc may consider it concentrated at its centre of 
mass. If the velocity of translation is uniform, Ji = MXO 
= 0, i.e., the forces are balanced. 
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110. Botation about a Fixed Axis. — First, as to tlio elements 
of space and time involved. Fig. 123. Let be the axis of 
rotation (perpendicular to paper), OY 9^ fixed ^-•— 
line of reference, and OA a convenient line of 
the rotating body, passing throngli the axis and 
perpendicular to it, accompanying the body in 
its angular motion, which is the same as that of 
OA. Just as in linear motion we dealt with ^'®- ^^ 
linear space («), linear velocity (ij), and linear acceleration (jp), 
BO here we distinguish at any instant ; 
a, ihe angular space between Y and OA ; 

G? = , , the angular velocity^ or rate at which a is changing ; 

and 

© = -3r = "^jiTj the angular acceleration^ or rate at which go 

is changing. 

These are all reckoned in ;r-measure and may be + or — , 
according to their direction against or with the hands of a 
watch. 

(Let the student interpret the following cases : (1) at a cer- 
tain instant go is +, and — ; (2) go is — , and 6 +; (3) a is 
— , CO and d both +; (4) oc-\-^go and 6 both — .) For rotary 
motion we have therefore, in general^ 

dec ,^-. . ^ dco d^a ,___.^ ^ 

and /. GodGo = dda ; (VHI.) 

corresponding to eqs. (L), (H.), and (III.) in § 50, for rectilinear 
motioD. 

WMfcrm rotary motion^ go being constant and 
?=f0<^ i being reckoned from the instant 

^1 motion 6 is constant, and 
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if (w, denote tlie initial angular velocity (wlien a and t = 0), 

we may deri^-o, preciaely as in § 56, 

<» = ». + »<; . . (1) « = <».( + iflC ; . . (3) 



26) 



(3) and 



= «". + ")«• 



W 



If in any problem in rotary motion 6, m, and a Iiave been 
determined for auy instant, tbe corresponding linear valaes fur 
any point of tlie body whose radial distance from tlie axis is p, 
will be s= o-p (= distance descriljed by tbe point measured 
along its eirctilur patb from its initial position), u = cjp ^ ite 
Telocity, andjj, = Op its tangential aecelerntion, at tbe instant 
in qaestion. 

Meamples. — (1) What value of os, the angular velocity, ia 
implied in the statemeiit that a pulley is revolving at the rate 
of 100 revolntions per minute % 

100 revolutions per minute is at the rate of ^Jt X 100 
= 6S8.32 (ff-measure units) of angnlar space per minute 
= 10.479 per second ;.-.« = 638.33 per minute or 10.473 
per second. 

(2) A grindstone whose initial speed of rotation is 90 revo- 
lutions per minute is brought to rest in 30 seconds, the an- 
gular retardation (or negative angular accelepatioii) being con- 
stant; required the angnlar acceleration, Q, and the angular 
space a described. Use tbe second as unit of time, 
ft). = 2n\% = 9.434S per second ; .-. from eq. (1) 



e = 



9.424 -^ 30 = 



- 0.3141 (TT.measnre units) 



per " square second." Tbe angular space, from eq. (2) is 

«=«.( + iOe = 30 X 9.42 - i(0.314)90n = 141.3 
(ff-measure units), i.e., the stone hns made 22.4 revolutions in 
coming to rest and a point 2 fl. from tlic axis has described el 
distance s = ap = 141.3 X 2 = 2S3.6 ft. in its circular path. 

111. Rotation, Preliminary Problem. Axis Fixed. — For 
clearness in subsequent matter we now consider the following 
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simple case. Fig. IH eliows a rigid body, consistiDg of a 
drum, an axle, a projecting arm, all S^fh~*X 

of wliieh are imponderablsy and a ''v'^'-r^ 
sinffle material point, whose veiglit y^^^^p^J^y^ 
is O and mass^. An imponderable ■p ! !4sr~3? o 
flexible cord, in wliicii the tension is 1 ^f^/i—i sl 

kept constant and = P, unwinds X---£<"X /" 
from the drum. The axle coincides y" a*'Zl!i\\/6 
with the vertical axis Z, while the cord yio. im. 

is always parallel to Y. Initially (i.e., when t ^ 0) JTlies at 
rest in the plane ZY. lieqnired its position at the end of any 
time ( (i.e., at any instant) and also the reactions of the beiirings 
at O and 0^, supposing no vertical pressure to exist at (?„ and 
that 7* and M are at the same level. No friction. At any in- 
stant the eight nnknowns, a, a>, 6,X„ Y„Z„ X„ and Y„ may 
be found from the six equations formed by putting 2^, etc., 
of the system of forces in Fig. 124, equal, respectively, to the 
2£, etc., of the imaginary equivalent system in Fig. 125, and 
two others to be mentioned subsequently. Since, at this in- 
stant, the velocity of J/" must be « = (wp and its tangential ac- 
celeration p, = 8p, its circular motion 
: could be produced, considering it free (eq. 
I (5), § 74), by a tangential force T = maw 
Xpi = MOp, and a normal centripetal 
force 2f=Mv' ~- p=M{wp)' -^ p~a>'Mp. 
Hence the system in Fig. 125 is equivalent 
to that of Fig. 124, and from putting tlie ^(mom.)^ of one 
= that of the other, we derive 

Fa-Tp;\.fi.,Pa=eMf?, .... (1) 
whence beeooMB knovn, and ia evidently constant, since P, 
a. M, and p are enclt. .'. ll]e iinirnlfir motion is uni-formly ac- 
celerated, Bod trom eqa. (1) and (2), % 110, w and a become 
known; ^^ 

I.e., oj=ft, ... (2) and^a^'J^r. . 
Putting {SZiAI'i^ 




(8) 



Z 



(4) 
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! ^X of eaeli system, 

= 6Mp COB a — «' J/'/J sill a, (5) 



Proceeding eimilarly witli tli£ 
X. + Jr; = 7'co8ff-iVEin(i = 
and with the 2T oi each, 
P+ r.+ Y, = - rsina — iV"eo8a= - eMpm\a 

— w'Mp cos a ; (6) 
while with the S (moin.)i we have, conceiving all tlie foraeB in 
each syetera pi-ojectedon the plane ZY {sgg §38), and noting 
that y = p Qoa a and x = ptm a, 

+ Gp2o&a-\- Y,l-\-Pb = — {dlfp sin a)h—{afMpcoia)l,{'i) 
and with the 2 (moin.)^, 
— Gp 6in a — XJ. = — {OMp cos «)S + {oo'Mp sin a)h. . (8) 

From (7) we may find J'; from (8), F,; then X. and Y, 
fi-om (5) and (C). It will W noted that as the motion proceeds 
6 remains constant; at increases with the time, a witli tlie 
square of the time ; Z, is constant, = G ; while X„ l'„ X„ 
and Z, have variable values dependent on p cos a and p sin a, 
i,e., on the co-ordinates y and a: of the moving material point. 

112. Particular Supposition in the Preceding Problem vith. 
Numerical Sabstitntion. — Snjipose we liave given (using the 
/oot-pou7id-second system of units in whicli g ~ 32.2) G = 64.4 
lbs., whence 
M=(^0^^) = 2; P = 4 lbs., I = i ft., i - 2 ft., a = 2 ft., 
and p = 4 ft.; and that M is just passing throngh the plane 
2X, i.e., tliat a = Ja". We obtain, first, t!ie angular accelera- 
tion, eq. (1), 

d = Pa-i- Mp' = 8 -=- 32 = 0.25 = i. 
From eqa. (2) and (3) we have at the instant mentioned (not- 
ing tliat when a was = 0, ^ was = 0) 

af = ^ad={7r = 0.7854 +, 
while (2) gives, for the time of describing the quadrant, 
t-= ixi — S = 3.544. . . . seconds. 
Since at tliis instant cos a = and sin a = 1, we have, from 

m. 

-0+r,Xi + 4X2=i -iX2x4X2l ■■.T,= - 3 Ibe. 
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Tlie minns sign sliows it should point in a direction contrary 
to that in wliieli it is drawn in Fig. 124. Eq. (3) givea 
— 6i.4x4-A'xi=-0+i.7rx2xi>^4;---X,=— 70.683 lbs. 
And 6imilaily, knowing J', and X„ we have from (5) and (6), 
X. = + 64.4 lbs., and T. = — 3.00 lbs. 

The resultant of X, and T,, also that of X„ Y„. and Z., can 
now be found by the parallelogram (and parallelopipedon) of 
forces, both in amount and position, noting carcfnlly the direc- 
tions of the coiiiponeTits. These resnltants are t)ie actions of 
the snpports npoii the ends of the axle; their equale and 
oppQ»itea would be the actions or prcBsnres of the axle against 
the BDpports, at the instant considered (when M is passing 
throngh the plane ZX; i.e., with a = \n). (At the same in- 
stant, suppose the string to break; what would be the efEectoa 
the eight quantities mentioned?) 

113. Centre of Fercassion of a fiod suspended &am one End. — 
Fig. 126. The rod is initially at rest (see (I.) in figure), is straight, 
homogeneous, and of constant ^ 
(small) cross-section. Keglect its • 
weight. A horizontal force or ■ 
pressure, P, due to a blow (and 
varying in amount dnring the p 
blow), now acts npon it from the 
left, perpendicularly to the axis, 
<?, of suspension. An accelerated ' fi'o. iW. '"^' 

rotary motion begins about the fixed axis Z. (II.) shows the rod 
free, at a certain instant, with the reactions X, and T, put in 
at Of. (III.) shows an imaginary system which would produce 
the same efEect at this instant, and consisting of a ilT = (IMBa, 
and a dN = at'JMp applied to each dM, the rod being composed 
of an infinite nnmber of dM\ ench at some distance p from 
tat tUe rotation kaajust hegu7i, oo, the 
Jl, and will be neglected. Re- 
1 of tlie BHpport at in terms 
- I^i^.^e liave 
■1^= 0J/ p. 



\^--° 
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.*. Y, = P " 6Mp ; p is the dietanee of the centre of gi-aritj 
from theasia (N.B. fpdM= Mp is only trae when all the /a'a 
are in one plane or linens here). But the value of the angular 
acceleration 6* at this instant depen Js on P and a, for ^ (inom.)^ 
in (II.) = ^ {mom.)^ in (III.), whence Pa = djydM = &/« 
where 7y is the inoment of inertia of the rod about Z, and fmm 
§ 95 = iJ/;*. Now p = j; ; hence, fiiialij, 



r. = p 



t4-!]- 



Jf now J', 18 to = Q, i.e., if tliere ia to be no shock Ixstwecn 
the rod and aans, we need only apply /* at a point whose dia- 
tance a= ^ from the axis; for then Y, = 0. This point is 
railed tlie centre of percnssion for the given rod and axis. It 
and the point of suspension are interchangeable (see § 118). 
(Lay a pencil on a table; tap it at a point distant one tliii'd of 
the length from one end ; it will begin to i-otate about a vertical 
axis tlirongh the farther end. Tap it at one end ; it will begin 
to rotate about a vertical axis tlirongh the point fii'st mentioned. 
Such an axis of rotation is called an axis of instantaneous rota- 
tion, and is different for each point of impact — jnst ns the 
point of contact of a wheel and rail is the one point of tlio 
wheel which is momentarily at rest, and about which, therefoi-e, 
all the othera are turning for the instant. Tap the pencil at 
its centre of gravity, and a motion of ti-anslatiou begins; see 
§ 100.) 

114. Botfttion. Axis Fixed. Qeneral Fornmlee. — Consider- 





ing now a rigid body of any shape whatever, let Fig. 127 indi- 
cate the system of forces acting at any ffiven instant, Z being 
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the fixed axis of rotution, w and ^tlie angular velocity and 
angular accelemtion, at the given instant. JT and T are two 
axes, at right angles to each other and to Z, fixed in Bpace. At 
tliie instant each dMol the body has a definite x, y, and ip 
(see Fig. 12S), wliich will change, and also a, p, and z, which will 
not change, aB the motion progresses, and is pursuing a circn- 
lar path with a velocity = wp and a tangential acceleration 
= Of). Hence, if to each dM of the body (see Fig. 128) we 
imagine a tangential force dT = dMdp awA a normal force 
= dM{wp)' -i- p = ca'dMp to bo applied (eq. (5), §74), and 
these alone, we have a system comprising an inlinite number of 
forces, all parallel to J^JT, and equivalent to the actual system 
in Fig. 127. Let SX, etc., represent the snins (six) for Fig. 
127, whatever they may be in any particular case, while for 
128 we shall write the corresponding sums in detail. Noting 
that 

fdNcos tp = offdMp coi tp = oa'fdMy = o)' J/y,(§ 8S); 
that /rfJV sin <p = offdMp sin <p = offdMx = c^Mx; 
and similarly, that JUT cos g> = BfdMp cos <p = BMy, and 
fdT Bia <p ^6Mx\ while in the moment sums (the moment 
of dT cos <p about Y, for example, being — dT cos tp . s ^ 
— BdMp {cos tp)3= —BdMyz, the sum of the moms. ^ of all the 
{dTcoB ^)'s = — BfdMyz) 

fdTcas <pz = B/dMySffdNeln <pz = affdMxz, etc., 
we hare, aince the systems are equivalent, 

^X=^BMy-afMx\ . . . . (IX.) 
SY = — 0^~ a>*My; .... (S.) 

2Z= 0; (XI.) 

2 moniB.x = — BfdMxz — co'/dMys ; . (XII.) 

2 moms.r = — BjyM;is-\- M-/dMx2; . (XITl.) 

2moms.z = B/<7M',)' = BI^. . ■ . (XIV , 

These hold good for any instant. Asthemotl.-, - r 

and y change, as also the snias fdMxs and_^/'/.l' 

body, however, is homogeneous, and s;/!>! 

jilane XYyfdMxz andytfJ/ys ■ 



''dMys would i.l '. 17^ — ivm^^^ ^^^^^^^ 



114 



SIECJIANICS OP ENGINKEIilNG. 



the z of any rfj/doee not cLange, and for every term (0/y(-(-s), 
tliere would be a term dM>j{—z) to cancel it; gimiJiirly for 
fdMxz. The eq. (XIV.), i"(moii)s. about axis of rotiit.) ^ 
fdTp = QfdMff =. {angular accel.) X {mom. of inertia <^ 
hody about axis ofroiai.), sIiowb how the svtiii fdJUfj' arieea iu 
probleme of this chaptei'. That a force dT = dMdp slioald 
be necessary to account for the acoeieration (tuuyential) dp at 
tlie niasG dM, is due to the eo-called inertia of the mass (§ M), 
and its moment dTp, or OdMp*, might, with eome reason, l>e 
called the moment of inertia of tho dM, :iTidf8dMp'= QfdMff 
that of the whole body. Bnt cnstoin hoe restricted the name 
to the BXimfdMp', wliich, being without tlie 8, has no term to 
suggest the idea of inertia. For want of a better the name is 
etill retained, however, and is generally denoted by /. (See 
g§8C,ctc.) 



115. Example of the Preceding. — A homogeneous right par- 
allelopiped is mounted on a vertical 
axle (no friction), as in figure. O is 
at its centre of gravity, hence loth 
nd y are zero. Let its heaviness 
be Yf its dimensions h, h^ and b (see 
, §97). JTl'isa plane of symmetry, 
lience both fdMrz and fdMyz are 
zero at all times (see above). Tlia 
tension P in tlie (inextensiblc) oavA. 
Fio. m. is caused by the Iianging weight P, 

(but IB not = P„ unless the rotation is uniform). The tigure 
shows both rigid bodies ^rec. P, will have a motion of tmns- 
lation; the parallelopiped, one of rotation about a lixed axis. 
No masses are considered except /*, ■— g. and hlA,Y -^ g. The 
Iz = Mke of the latter = its mass X ^{K + *')• § 97. At 
any instant, the cord being taut, if ^ = linear acceleration of 
P„ we have 




1 (SIV.), Pa 



p= 6a. 
-Olg; .-.P. 



■■ e/g ~- a. 



cq. (a) 
■ (1) 
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For the free maBS P, ~i- ff we Lave (§ 109) P, — P = 
mass X ace., 

= (-P. -^ ?)? = iP, -h 9)ea ;.:P = P.(l - »» -^ </)• (3) 
Equate these two valnes of P and solve for B, wheuco 

^ = Jfi'+(i>,-=-y)a' (^) 

All the terms hei'e are constant, lieiice 6 is constant ; there- 
fore the rotarj' motion is uniformly accelerated, as also the 
translation of P,. The formulse of § 56, and (1), (2), (3), and 
(5) of §110, are applicable. The tensiuii P is also constant ; 
seeeq, (1), As for the five unknown leactions (components) 
at Oi and 0„ the bearings, we shall find that tliey too are con- 
stant ; for 

from (IX.) we have X, + X, = ; (4) 

from (X.) we have P + F, + Z. = ; (5) 

from (XI.) we have Z,-O = 0; {Q) 

from (XII.) we have P . A0-\- T, . U/)- i\ . U~0 = ; {1) 
from (XIII.) we have — X, . V^ + X, . (7^ = 0. (8) 

Numerical suhstitution in tfie above problem,. — Let the par- 
allelopiped be of wronght-iron ; let /*, = 48 lbs.; a = 6 in. = 
i ft.; 6 = 3 in. = J ft. (see Fig. m) ; i;_^2 ft. 3 in. = J ft.; 
and A^ 4 in. = i f t. Also let t»,<?= (9,t> = 18 in. = jj ft., 
and AO =^ ^ in. =; \ ft. Selecting the Jbot-pound-second 
system of nnits, in which g = 32.2, the linear dimensions must 
be naed in feet, the heaviness, y, of the iron must be used in 
lbs. per cuhicjoot, i.e., y = 480 (sea § t), and all forces in lbs., 
times in seconds. 

The weight of the iron will he G = Yy = hbjiy = ^ . J . ^ 
X 480 = 90 lbs.; its mass = 90 -^ 32.2 = 2.79 ; and lU mo- 
ment of inertia al)oat Z= 1^ = 2lk,' = jSf-^^ih; -{-I,') = 2.7(t 
X 0^96 = 1.191. (TUt is, the r.iil lux i>f gyration, k„ = 
f'0.42C = 0.C&3 ft.; or the moment of inertia, or any result 
dejiending solely Tipn- ■■• ■•-* -'i? ai^ u if tlie mass were 
concentrated hi a ■■'■■•' i/a|^m>iDt, at a distance 

of 0.053 feet from i ^i^^^Bcompnte the an- 

gnlar .iccolcrnfiftr, ". ..■■-. - ■ ■■ 
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4Sxi 



24 



: 15.36 



l.iyi + {is -=- 312.2) X i ~ 1.191 + 0.37iJ " 
n--]neasiire units per " Bquurc second." The linear acceleration 
of /*, isp ^6a=- 7.6S feet per square aecoud for tlie nniform- 
\y accelerated translation. 

Nothing has yet been said of tlie velocities and initial condi- 
tions of the motions ; for what we have derived so far applies 
to any point of time. Suppose, then, that the angular velocity 
o)= zero whdn the time, ;= 0; and cor responding! j the ve- 
locity, V = QW, of translation of /*„ be also = when i ^ 0. 
At the end of any tune t, a) ^:di (g§ 56 and 110) and v =-pt 
= Bat \ alao tlie angnlar space, a = ^Of, described by the par- 
allelopiped during the time (, and tiie linear space « = -j/rf* 
= iSaf, tlirongli which the weight P, Jias sunk vertically. 
For exauiple,-during the first second the parallelopi ped lias ro- 
tated through an angle a = idP = i X 15.36 X 1 = 7.68 units, 
ff-nieasure, i.e., (7.68 -^ 2w) = 1.22 revohitions, while /*, huB 
Blink through a = iOaf = 3.S4 ft., vertically. 

The tension in the cord, from (2), is 

P = 48(1 - 15.36 Xi^g) = 4S(1 - 0.24) = 36.48 lbs. 

The pressures fit the bearings will be as follows, at any in- 
stant : from (4) and (8), £, and X, must individuidly be zero ; 
from (6) Z,= 0= Vy = 90]be.; while from (5) and (7), T, 
= J', = — JP = — 29.18 lbs,, and should point in a direction 
opposite to that in wliicli they were assumed in> Fig. 129 (see 
hist lines of §39). 

116. ToTBion Balance. A Variably AcceL Eotary Uotion. 

igencoua solid liaving an axis of symmetry 
is suspended by an elastic prism, 
or filament (whose mass may be 
neglected), so that the latter is 
vertical and coincident with the 
axis of symmetry, and is not only 
snpported, but prevented from 
turning at its upper extremity. 
Tio. ]». If the solid is turned nliout its 

axis away from its position of rest and set fi-ee, the t< 




, the toraiu^ji^^l 
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elasticity of tbe rod or filament, wbich is fixed in the eoHd, 
caaaes an oscillatory rotary motion. Reqnired the duration of 
an oscillation. Fig. 130. 

Take the axis Y at tlie middle of the oscillation (the original 
position of rest). Eecltoii the time from the instiint of passing 
tliie position. Let the initial angular velocity = cu,. As the 
motion progresses q> diminislies, i.e., 6 is negative. 

To consider the body free, conceive tiie rod cut close to the 
body (in wliicii it is firmly inserted), and in the section thus 
exposed put in the vertical tension P', and also the horizontal 
foi-ces forming a couple to which at any instant the twisting 
action (of the poi'tion of rod removed upon the pai't left in the 
free body) is known to be dne. Call the moment of this couple 
Qb (known as the moment of t&rslori); it is variable, being 
directly proportional to the angle a; hence, if by experiment 
itis found to be = $,}, when a is = «„ for any value of a it 
will be ^ = (C&, -T- oc,)a = Ca, in which C is the constant 
factor. 

At any instant, therefore, the forces acting are G, P', and 
those equivalent to the couple whose moment = § J = Oa. 
(No lateral support is required ; the student wonld find the X„ 
T„ X^, and T, of Fig. 129 to be individnally zero, if put in ; 
remembering that here, x and y both = 0, as also fdMxz and 
fdMys; and that the forces of the couple will not be repi-e- 
sented in any of the six summations of §114, except in 
2 moms.^) 

From eq. (XIV.), § 114, we have — Qh, i.e., — Ca, = eig, 
from which 

e =: — (C ^ Iz)a, OT, tor short, e =— Ba. . . (1) 

Since B is constant, and there is an initial (angular) velocity 
= oo„ and since the variables d, eo, and a, in angular motion 
ciirrcspond prcoii-cly to those {p, «, and «) of rectilinear motion, 
it \t eviilont tlint till! jii ^nt is a case of harmonic motion, 
of § 59. Applying the results 
wireeponds to the a of that 
are isochroTuil, i.e., their 
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durations are the same whatever the amplitude (provided the 
elasticity of the rod is not iinpnii-ed), and that the duration of 
one oscillation (from one extreme position to the otlier) is 
t' =7t ^ l^a; or finally, 

... (2) 



f = 7t v^jT^TQK- 



117. The Compound Pendolnm is any rigid body allowed to 
oscillate withont friction onder the action of gravity when 
monnted on a horizontal axis. Fig. 131 allows the 
body free, in any position during the progress of 
the oscillation. C is tlie centre of gravity ; let 00 
8. From (SIV.), g 114, we have 2 (mom. about 
fixed axis) 

= anguh ace X mom. of inertia. 



.-. - Gs sin « = ei, 

and 6 = — Gs sin a -h /^ — — Mgs sin a -^ Jfi*, 



- gs sin c 



(1) 



Hence is variable, proportional to sin a. Let lis see what 
tlie length I = OK, of a simple drcuhir pcndnlum, must be, to 
have at this instant (i.e., for this vulne of a) the same angular 
acceleration as the rigid body. The linear (tangential) accelera- 
tions of K, the extremity of the required simple pcndiilnm 
would be {§ IT) 2h =^J7 sin <*, and lience its angular acceleration 
would = g sin a~- 1. Writing this equal to 6 in eq. (1), we 
obtain 



;=*.'+« (2) 

But this is independent of a; therefore the length of the sim- 
ple pendulum having an angular acceleration eqn.il to that of 
the oscillating body is the same in all positions of the lattery 
and if the two begin to oscillate simnltaneonsly from a position 
of rest at any given angle a, witli the vertical, they will kcej) 
abreast of each otlier during the whole motion, and hence liavf 
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the same daration of oscillation ; wliicli is /. ^for miaU ampli- 
tudes (§ 78), 

f = 7r Vl-i-g = 7c Vk; -r- ffs, .... (3) 

JTis called the centre of oscillation corresponding to the given 
centre of Buspension (?, and is identical with the centre of 'per- 
cueeion (§ 113). 

Example. — Required the time of oscillation of a cast-iron 
cylinder, whose diameter is 2 in. and length 10 in., if the axis 
of suspension is taken 4 in. above its centre. If we use 32.2 
for g^ all linear dimensions should be in feet and times in 
seconds. From § 100, we have 

From eq. (3), § 88, 

/. = /c+ Jf*' = Jf[yi^ .ij^ + i] = JfX 0.170; 



/. i; = 0.170 sq. ft.; .-. ^= n 1^0.170 -r- 32.2 X i = 0.395 sec. 

118. The Centres of Oscillation and Suspension are Inter- 
changeable. — (Strictly speaking, these centres are points in the 
line through the centre of gravity perpendicular to the axis of 
suspension.) Refer the centre ofoscillation K to the centre 
of gravity, thus (Fig. 132, at (L) ) : 

^^ = ^-^=-;¥r-" = — Ms * = T- (^) 

Now invert the body and suspend it at K] 
required CK^^ or «„ to find the centre of r 
oscillation corresponding to K as centre of I** / 




suspension. By analogy from (1) we have »JJZZ\i 

8^ = kc -^ *, ; but from (1), kc -^ ^, = « .•. 

«, = « ; in other words, K^ is identical with (i.) (il) 

O. Hence the proposition is proved. ^°' ^®^ 

Advantage may be taken of this to determine the length Z 
of the theoretical simple pendulum vibrating seconds, and thus 
finally the acceleration of gravity from formula (3), § 117, viz.. 
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when C = 1,0 and I (now = X) has been determined experi- 
mentaily, we have 

g (in ft. per sq. second) = X (in ft.) -=- ;t'. . . (2) 

Tliis most accurate method of determining g at any localitj 
requires the use of a bar of metal, furnialied with a sliding 
weight for eliifting the centre of gravity,and with two project- 
ing blocks provided with knife-edges. Tlieee blocks can also 
be shifted and clamped. By suspending the bar by one knife- 
edge on a proper support, the duration of an oscillation is com- 
puted by oonTiting the total number in as long a period of 
time as possible; it is then reversed and suspended on the 
other with like observations. By shifting the blocks between 
successive experiments, the dnration of the oEcillation in one 
position is made the same as in the other, i.e.. the distance be- 
tween the knife-edges is the length, I, of the simple pendulum 
vibrating in the computed time (if the knife-edges are not cqni- 
distant from tlie centre of gravity), and is carefully measnreil. 
Tlie I and if of cq. (3), § 117, being thus known, y may be com- 
puted. Professor Burtlett gives as the length of the simple 
pendulum Tihrating seconds at any latitude p 

L (in feet) = 3.2(J05S — 0.008318 cos 2y?. 

119. Itoohron&l Axea of Suspentioii. — In any compound 
pendtilum,for any axis of suspeiisimt, there are afivays three 
others, parallel to it in the same gravity plane, for which the 
oscillations are matfe in the same time as for the first. For 
any assigned time of oscillation t\ eq. (3), § 117, compute the 
corresponding distance VO =^ s oi from C; 



i.e., from 
we have 



Mga 



■= {gt"-i-^7t>)± i/{ft'*^in')-kc\ . . (1) 
Hence for a given if, there are two positions for tlie axis O 
par.illel to any axis through C, in any gravity-plane, on both 
sides; i.e., four parallel ax^s of suspension, in any gravity- 
plane, giving equal times of vibration ; for two of these axos 
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we must reverse the body. E.g., if a slender, liomogeneons, 
prismatic rod be marked ofi into thirds, the (small) vibratione 
will be of the same dnration, if the centre of enspension is 
taken at either extremity, or at either point of division. 

Ecample. — Reqnired the positions of the axea of suspension, 
parallel to the base, of a right cone of brass, whose altitade is 
six inches, radius of base, 1.20 inclies, and weight per cubic inch 
is 0.304 lbs., 80 that the time of oscillation may be a half- 
second. (N.B. For variety, use the inch-poand-seeoud system 
of units, first consnlting § 51.) 

120. The Fly-Wheel in Fig. 133 at any instant experiences 
a presauie P' against its crank-pin from tlie connecting-rod 
and a resisting pressure P" from the teeth of a spnr- wheel with 




which it gears. Its weight O acts throngh C (nearly), and 
there are pressures at the bearings, but these latter and G have 
no momenta about the axis C (perpendicular to paper). The 
figure shows it free, P" being assumed constant (in practice 
this depends on the resistances met by the macliines which D 
drives, and the fluctuation of velocity of their moving parts). 
P', and therefore T ita tangential component, are variable, 
depending on the effective steam-pressure on the piston at any 
instant, on the obliquity of the connecting-rod, and in high- 
speed engines on the masses and motions of tlie piston and con- 
necting-rod. Let r = radius of crant-pin circle, and a the 
perpendicular fi-oin C on P". From eq. (XIT.), § 114, we 
have 

Tr - P"a = ei^ .-. = (Tr- P"a) ^ /^ . (1 
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■ aa tlie angular accelemtion at any instant ; Eubstituting wliidi ii 
the general equation (VIII.), § 110, we obtain 

Ica}da) = Trda — P"ada (2) 

From (I) it is evident that if at any poeition of tlie crank-pin 
the variable Tr is equal to the constant P"a, 6 ia zero, and 
eonsequeiitly the angiihir velocity co is either a maxirnnm or a 
luiiuinuui. Suppose this is known to be the case botii at m 
and n; i.e., snppoae 7", which was zero at the dead-point A, 
has been gradually increasing, till at n, Tr = I*"a ; and there- 
after increases still further, then begins to diminifih, until !it m 
Tr again = P"a, and continncs to diminish towai-d the dead- 
point B. Tlio angnlar velocity a?, whatever it may have been 
on passing the dead-point A, diminishes, since 9 is negative, 
from A to n, where it is ca„, a niinimnm ; increases from n to 
m, wliei-e it reaches a raaximnm valne, w„. n and m being 
known points, and supposing «„ known, let us inquire what 
f^„ will be. I'Vom eq. (2) we have 

(3) 

But Tda ^ ifs' = an element of the path of the emnk-pin, and 
also the "virtual velocity" of the force T, and ada = ds". an 
element of the path of a point in the pitch-circle of tlie fly- 
wheel, t!ie small Ep,ice through which P" is overcome in dt. 
Hence (3) becomes 



/(.y^w/ta ^f^Trda - P" j\da. 



Jc4(<^«' 



-£'^^- 



P" X iinear nrc AP. (4) 



To determine / Tds we might, by a knowledge of the vary- 
ing fiteam-pressnre, the varying obliquity of the connecting-rod, 
etc., determine T for a nnmlier of points equally spaced along 
the cnrve nm, and obtain an approximate vaine of this snm by 
Simpson's Utile; but a simpfer metiiod is iweeible by noting 
(see eq. (I), § G5) that each term Td^ of this sum = the eori-e- 



spoi 



mding term /'(/ic in the series / Pdx, in which 



: the 
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effective steam-pressure on the piston in the cylinder at any in- 
stant, dx the small distance described by the piston while tlie 
crank-pin describes any ds, and /i' and m' the positions of the 
piston (or of cross-head, as in Fig. 133) when the crank-pin is 
at n and m respectively. (4) may now be written 

Ic^ioOfn" - cOn) =J^, Pdx - P" X Hncar arc EF, (5) 

from which oa^ may be found as proposed. More generally, it 
is available, alone (or with other equations), to determine any 
one (or more, according to the number of equations) unknown 
quantity. This problem, in rotary motion, is analogous to that 
in § 59 (Prob. 4) for rectilinear motion. Friction and the in- 
ertia of piston and connecting-rod liave been neglected. As 
to the time of describing the arc nm, from equations similar to 
(5), we may determine values of oo for points along nm, divid- 
ing it into an even number of equal parts, calling them co^, g?,, 
etc., and then employ Simpson's Rule for an approximate value 

of the sum ^= / — (from eq. (VI.)» § HO) ; e.g., with 
four parts, we would have 

tm \ ri4241"l 

121. Hnmerical Example. Fly-Wheel.— (See Fig. 133 and 
the equations of § 120.) Suppose the engine is non-condensing 
and non-expansive (i.e., that jP is constant), and that 

P = 5500 lbs., r = 6 in. = i ft., a = 2 ft., 

and also that the wheel is to make 120 revolutions per minute, 
i.e., that its mean anffular velocity is to be 

Gj' = J^ X 2^. i.e., go' = 4nr. 

Firsts required the amount of the resistance P'^ (constant) 
that there shall be no permanent change of speed, i.e., that the 
angular velocity shall have the same value at the- com- 

plete revolution as at the beginning. Since ai 
form of eq. (6) holds good for any rp 
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that range be a complete revolution, and we shall have z 
the left-hand member ; fPdyi = /* X 2 ft. = 5500 lbs. X 2 ft., 
or 11,000 foot-pounds (as it may be called); while P" is nn- 
knowD, and instead of lin. aro EF we have a whole circnrafer- 
ence of 2 ft. radius, i.e., 4n- ft.; 

.-. 0=11,0(.)0 — 7'"X4X3.1il6; whence P" = 873 lbs. 
Secondly, required tlie proper mass to be given to the fly- 
wheel of 2 ft. radius that in tlie forward strol^e (i.e., wliilo the 
crank-pin is describing its upper semicircle) tlie max. angular 
velocity iw„ shall exceed the niininmm w^ by only ■j'jw', assum- 
ing (which is nearly true) that i(<»^ -|- «„) = w'. There be- 
ing now three nnknowus, we require three equations, which 
are, including eq. (3) of § 120, viz.: 



= j/, Pdx - P" X linear arc EF; (5) 
K'"m+ '"n)= ^'= I'T i C*") and w„ — i»„ = -jijiw' = \n. (S) 
The points n and m are found most easily and with sufficient 



accuracy by a graphic process. Laying off the diinei 
scale, by trial such positions of the crank-pin are found that 
Ty the tangential component of the thrnst P' produced in the 
connecting-rod by the steam-pressure/* (which may be resolved 
into two components, along the connecting-rod and a normal 
to itself) is ={a -=- t)P'\ i.e., is — 3500 lbs. These points will 
be n and m (and two otliei-s on the lower aemicirele). The 
positions of the piston n' and m', corresponding to n and m, of 
the crank-pin, are also found graphically in an obvione manner. 
We thna determine the angle nCm to be 100°, so that linear 
arc EF= ^7t x 2 f t. = V;r, while 

/^'"P(/aj = 55001bs. Xj(^"(/;B=5500XftW-5500x.077ft., 

n'mf being scaled from the draft. 

Now substitute from (7) and (8) in (5), and we have, with 
kc= 2 ft. (which asBumes that the mass of the fly-wheel is con- 
centrated in the rim), 
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((? ^ y) X 4 X 4;r X 1^ = B500 X .077 - 875 X ^nr, 
wliicli being solved for G (witli g = 32.2 ; siuce we have used 
the foot and second), gives G = 600.7 lbs. 

The points of max. and min. angular velocity on the back- 
stroke may be found similarly, and their values for the fly- 
wheel as now determined ; they will differ but slightly from 
the 07^ and oo^ of the forward, stroke. Professor Cotterill says 
that the rim of a fly-wheel should never have a max. velocity 
> 80 ft. per sec; and that if made in segments, not more than 
40 to 50 feet per second. In the present example we have for 
the forward stroke, from eqs. (7) and (8), oo^=- 13.2 (;r-mea6ure 
units) per second; i.e., the corresponding velocity of the wheel- 
rim is v^ = oo^a = 26.4 feet per second. 

122. Angular Velocity Constant. Fixed Axis. — If oo is con- 
stant, the angular acceleration, 0, must be = zero at all times, 
which requires ^ (mom.) about the axis of 
rotation to be = (eq. (XIV.), § 114). An 
instance of this occurs when the only forces 
acting are the reactions at the bearings on 
the axis, and the body's weight, parallel to 
or intersecting the axis; the values of these 
reactions are now to be determined for dif- 
ferent forms of bodies, in various positions 
relatively to the axis. (The opposites and equals of these reac- 
tions, i.e., the forces with which the axis acts upon the bearings, 
are sometimes stated to be due to the " ceni/nfugaL forces^'* or 
" centrifugal action," of the revolving body.) 

Take the axis of rotation for Z, then, with = 0, the equa- 
tions of § 114 reduce to 

^X= — G?*Jfcf^; . 

2Z= ; . . . 
2 moms-x = — oa^fdMyz ; 
"2 moms.y = -j- oiffdMxz ; 
2 moms.^ = 0. . . . 




Fio. 134. 



(IXa.) 
(Xa.) 

(XIa.) 

(Xlla.) 

(Xllla.) 

(xn 
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For greater convouicnce, let us suppose tlie axeeXaiid Y 
(since tiieir position is arbitrary so long as tliey are perpeu- 
dienlar to each other and to Z) to revolve with tlte hodi/ m its 
nniform rotation. 

122a. If a hoTtwgeneotia hody have a plane of symmetry 
and rotate uniformly about any axis Z perpendicular to that 
plane {iJiteraeeting it at 0), then the acting forces are- equiva- 
lent to a single force, = eo'Mp, appU^d 
at and acting in a gravity-tine, hut 
directed away from the cemire (f 
__ gravity. It is evident that such a 
/ \l^ "^ fui'ce P = ca*Mp, applied as stated 

riQ-i*. ^ggg Y\a. 135), will satisfy al! six con- 

ditions expressed in tlie foregoing eqnations, taking X through 
the ccnti-e of gravity, so that x = ~p. For, from (IXa.), /"must 
= oi'Jitp, while in each of the other snnimations the left- 
hand member wiil be zero, since P lies in the axis of X; and 
as their right-hand membera will also be zero for the pi^esent 
hody {y = 0; and each of the siimsfdMys xaAfdMxs is zero, 
since for each term dMy{-\-2) there is another dMy{ — s) 
to cancel it; and similarly, for fdMxs), they also arc satisfied ; 
Q,E.D. Hence a single point of support at will enfHce to 
maintain the uniform motion of the lx)dj', and the presaure 
against it will be equal and opposite to P. 

First Exam.ple. — Fig. 136, Sup|H)siug (for greater safety) 
that the uniform rotation of 210 revolutions 
per minute of each segment of a fly-wheel is 
maintained solely by the tension in the cor- .£^^ 
responding arm, P\ required tlie value of /* 
if the segment and arm together weigh -^ of 
a ton, and the distance of their centre of ^"'- '*■■ 

gravity from the axis is p = 20 in., i.e., = J ft. With the^fwC- 
ton-seoond system of units, with g = 32.3, we have 

P = «'Jfp = [W X 2t]' X [Vj - 32.2] X f = 0.83 tons, 
or 1660 lbs. 
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Second Eisample. — Fig. 137. Soppose the Tinifonn rotation 
of tlie same flj-wlieel depends solely on the tenBion in the rim, 
required its amouiit. The figure shows the half- '*rp^:>-^ 
rim free, with tlie two cqnal tensions, P', put in at ^ -^J\\ 
tlie anrfaces exposed. Here it is assumed that tiie _^_c \\ 
sums exert no tcTision on the rim. From § 122a we \^ jj 
liiive Si" = a)*Mp, where Jfis the mass of the half- p' .S^ 
riin, and p its gmvity co-oi-diiiate, which may be ob- fio. m. 
tained approximately by § 26, Problem 1, considering the rim 
as a circular wire, viz., yo = 2r -^ ?r. 

Let Jf = (180 lbs.) -^ g, with r = 2 f t. We have then 
P- = J(22)'(180 -h S2.2X4 -^ t) = 203S lbs. 

(In reality neither the arms nor the rim sustain the tensions 
just computed ; in treating the arms we have supposed no duty 
done by the rim, and vice versA. The actual sti-esses ara less, 
and depend on the yielding of the parts. Tlieii, too, we have 
snpposed the wheel to take no part in tlie transmission of mo- 
tion by belting or gearing, which would cause a bending of the 
arms, and have neglected its weight.) 

122b, If a homogeneoita 'body have a line of symmetry and 
rotate uniformly about an axis parallel to it {0 being the foot 
of the perpendicular from the centre of gravity on the axis), 
t/un the acting forces are equivalent to a single force P 
^ ci^Mp, apj^ied at O and acting in a gravity-line away 
from the centre of gravity. 
Taking the axis X through the 
,IM centre of gravity, Z being the 
axis of rotation. Fig. 138, while 
Z' is the line of symmetry, pass 
an auxiliary plane Z'y parallel 
to ZY. Then the snm fdMxs 
may bo written fdJI^ 4" ''^)^ 
which = pfdMz + fdMx'z. 
^'*- '» Bat fdMz = J/z = 0, since 1 

= 0, and every term dM{-\-x')s is cancelled by a numerically 
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efdMxB = 0. 



equal term dM{— x')s o£ opposite sign. Uencey 
Aho J'dMifz ^ 0. siiico each positive prodnct is annulled by an 
equul negative one (from symmetry abont Z'). Since, aleo, 
y = 0, all six conditions in § 123 are satisfied, Q, E. D. 

If tlie lioinogeneona body is any solid of revohitJon whose 
georMtrical axis isparallel to tfieaxU of rotation, tlie forcgo- 
iug is directly applicable. 

122o, If a homogeneous body revolve ■uniformly aiout any 
axis lying in a plane of symmetry, the actiiig forces are equi-o- 
(dent to a sin^U force P = co'Mp, acting parallel to the grav- 
ity-line which is perpendicular to the axis (Z), and away 
from tlie centre of gravity, its distance from any origin O in 
tha axis Z being =[yrfj/ic2] -=- Mp {the plane ZS being a 
gramty-pUine). — Fig. 139. From the position of the body we 
have p ^ X, and y = ; hence if a 
value dj'Mp be given to P and it be 
> made to act tlirongh Z and parallel to 
JT, and away from the centre of gravity, 
all the conditions of § 122 arc satisfied 
except (Xlla.) and (XIIIo.). But 
symmetry about the plane XZ makes 
fdMyz = 0, and satiaiies (XIIo.), and 
by placing /* at a distance a ^fdMxz -^ Mp from along Z 
we satisfy (Xllla.)- Q- E. D. 

Example. — A slender, homogeneons, prismatic rod, of length 
= I, is to have a nnifonn motion, abont a vei^ q, ,i 
tical axis passing through one extremity, 
maintained by a cord -connect ion with a fixed p ; 
point in this axis. Fig. 140. Given co, tp, I, 
(p = ^l cos a), and J^ tlie cross-section of the j^ 
rod, let s = the distance from to any dM I 
of the rod. dM being = J^yd-s -v- g. The x ■ 
of any dM = e cos g>; its 3 = a . sin gi ; Fio. i«. 

c.fdMxz = {Fy ~ g) sin ^ cos <pj s'ds 

= i{I^yl -i- ^y sin tp COB tp = ^Mr sin ip cos tp. 
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Heuce a, ^=^/dMxz ~ Mp^ is = f Z sin 9>, and the line of ac- 
tion of P ( = c»'J/p = a?* {Fyl -5- j') Ji cos (p) is therefore 
higlier up than the middle of the rod. Find the intersection 
J) oi O and the horizontal drawn throngli Z at distance a from 
O. Determine P' by completing the parallelogram GP\ at- 
taching the cord so as to make it coincide with P'\ for this will 
satisfy the condition of maintaining the motion, when once be- 
gun, viz., that the acting forces G^ and the cord-tension P\ 
shall be equivalent to a force P = aol^Mpy applied horizontally 
through Z at a distance a from 0. 

123. Free Axes. XTniform Botation. — Kefemng again to § 122 
and Fig. 134, let us inquire under what circumstances the 
lateral forces, Xj, 2^^ JT^, Y^j with which the bearings press 
the axis, to maintain the motion, are individually zero, i.e., that 
the bearings are not needed, and may therefore he removed 
(except a smooth horizontal plane to sustain the body's weight), 
leaving the motion undisturbed like that of a top "asleep." 
For this, not only must 2X and 2 Y both be zero, but also 
(since otherwise X^2ii\d X^ might form a couple, or Y^ and Y^ 
similarly) -2 (moms.)iand -2 (inonis.)y must each = zero. Tlie 
necessary peculiar distribution of the body's mass about the 
axis of rotation, then, must be as follows (see the equations of 
§122): 

First, X and y each = 0, i.e., the aocis mtcst he a gra/tjity-axis. 

Secondly, fdlfyz = 0, ViwAfdMxz = 0, the origin being any- 
where on Z, the axis of rotation. 

An axis (Z) (of a body) fulfilling these conditions is called 
a Free Axis, and since, if either one of the three Principal Axes 
for the centre of gravity (see § 107) be made an axis of rotation 
(the other two being taken for X and Y), the conditions 

^ = 0, y = 0, fdMxz = 0, and fdMyz = 0, are all satisfied, 
it follows that every rigid hody has at least three free axes, 
which are the Principal Axes of Inertia of the centre of 
gramt/y at right angles to eax:h other. 

In the case of honmogeneous hodies free axes can often be 
determined by inspection : e.g., any diameter of a sphere ; as 
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tranBverse diameter of a right circular cylinder throngh its 

centre of gravity, as well ns its geometrical axis ; tlie geoinet- 
ricul axis of any solid of levoliitioii; etc. 

124. Eotation a.bout an Axis wUch hai a Hotion of Translation. 
— Take only the j^artieular case wfiere the vun'iny iixls w a 
ffravitt/-axie. At any instant, let tlie 
s^M (IP velocity and acceleration of tJie axis be « 
and j> ; llie angular velocity and accelera- 
tion about that axis, cd and d. Then, since 
|"i* the actnal motion of a dM'm any dt is 
^ cumponnded of its motion of rotation 
about tlie gravity-axig and the motion of 
translation in common with that axis. 
Fib. i«. we may, in forming tlie imaginary equiva- 

lent eystem in Fig. 141, consider ench dM aa Biibjected to the 
siniultancons action of (?/*= t/J/"^ parallel to X, of the tan- 
gential dT= dMQp, and of the normal d^ — dM{cap)' -=- p 
= co^dMp. Take Xin the direction of translation, Z{perpeii- 
dicnlar to paper tlirongh O) is the moving gravity-axis; Y" 
perpendicular to both. At any instant we shall have, then, tlie 
following conditions for the acting forces (rememlicriiig tliat 
p cos p = y.JHMy = My = 0_; etc.) : 

2X=/dP-/dTsw<p-fdN<iosip = M_p; , (1) 
SY=/dTcm»p-/dJVs\nip =0;. . (2) 

S moms-z =/dTp -/dPy = e/dMp' = 61^ = dMkx\ '(3) 
and three otlicr eqiiatiotis not needed in the following example. 
EeampU. — A homogeneous solid of revolution rolls {with- 
out elippirtff) down a rmigh hicUneti 
plane. ItivfHtigate the motion. Con- , 

sidertng the bodj-_/Vee, the acting forces / oi -' 
are O (known) and iV and /*, the nr '"^' "" 

known normal and tangential compo- 'p - ^ 

nenta of the action of the plane on the -■'^'^ ' 

roller. If slipping occurs, then P is the ^"'- '■"■ 

sliding friction dtie to the presinreJVC^lSG); here, however, it is 




DYNAMICS OF A RIGID BODY. 



131 



less by hypothesis (perfect rolling). At any instant the four 
unknowns are found by the equations 

^X, i.e., (? sin /? - P,^{G'^g)p\ . (1) 

-2r,i.e., G^eos/?- iT, = 0; . . . '. (2) 

2 moms.^, ijB., Pa^ = OMkz ; . . (3) 

while on account of the perfect rolling, 

da =^ (4) 

Solving, we have, for the acceleration of translation, 

^ = (7sin/?-[l + (A;,«-=-a')]. 

(If the body slid without friction,^ would = g^xn /3.) Hence 
for a cylinder (§ 97), kz* being = Ja', we have j? =ig sin /3; 
and for a sphere (§ 103) p = ^ sin /3. 

(If the plane is so steep or so smooth that both rolling and 
slipping occur, then da no longer =p, but the ratio oi P to N 
is known from experiments on sliding friction ; hence there are 
still four equations.) 

The motion of translation being thus found to be uniformly 
accelerated, we may use the equations of § 66 for finding dis- 
tance, time, etc. 

Query. — How may we distinguish two spheres by allowing 
them to roll down the same inclined plane, if one of them is 
silver and solid, while the other is of gold, but silvered and 
hollow, so as to be the same as the fii'st in diameter, weight, 
and appearance? 

125. Parallel-Bod of a Locomotiye. — When the locomotive 

moves uniformly, each dM of the rod between the two (or 

three) driving-wheels rotates with 

uniform velocity about a centre of its 

own on the line BD^ Fig. 143, and 

with a velocity v and radius r common 

to all, and likewise has a horizontal 

uniform motion of translation. Hence 

if we inquire what are the reactions P 
of its supports, as induced sciel/y h^' 

when in its lowest position (indepe 




r 
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the rod), we put 2T oi (I.) = 2 T of (II.) (IL shows the 
imaginary equivalent system), and obtain 

Example. — Let the velocity of translation = 50 miles per 
hour, the radius of the pins be 18 in. = f ft., and = half that 
of the dnving-wheelsy while the weight of the rod is 200 lbs. 
With g = 32.2, we must use the foot and second, and obtain 

V = i[50 X 5280 -5- 3600] ft. per second = 36.6; 

while Jf = 200 -T- 32.2 = 200 X .0310 = 6.20 ; 

and finally P = i[200 + 6.2(36.6)'-7- 1] = 2868.3 lbs., 

or nearly 1^ tons, about thirty times that due to the weight 
alone. 

126. So far in this chapter the motion has been prescribed, 
and the necessary conditions determined, to be fulfilled by the 
acting forces at any instant. Problems of a convei*se nature, 
i.e., where the initial state of the body and the acting forces 
are given while the resulting motion is required, are of much 
greater complexity, but of rare occurrence in practice. The 
reader is referred to Rankine's Applied Mechanics. A treat- 
ment of the Gyroscope will be found in the American Journal 
of Science for 1857, and in the article of that name in Johnson's 
Cyclopaedia. 
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CHAPTER VI. 

WORK, ENERGY, AND POWER. 

127. Bemark. — These quantities as defined and developed 
in this chapter, though compounded of the fundamental ideas 
of matter, force, space, and time, enter into theorems of suck 
wide application and practical use as to more than justify their 
consideration as separate kinds of quantity. 

128. Work in a XTniform Translation. Definition of Work. — 
Let Fig. 144 represent a rigid body having a motion of trans- 
lation parallel to X, acted on by a 
system of forces jP„ P„ Ji^^ and H^^ 
which remain constant. 

Let 8 be any distance described by 
the body during its motion; then ^X~aZ^ 
must be zero (§ 109), i.e., noting that 
i^3 and i?^ have negative X com- 
ponents (the supplements of their ^®- ^^ 
angles with JTare used), 

jP, cos a, -f- P% cos Of, — R^ cos a^ — R^ cos or^ = ; 

or, multiplying by % and transposing, we have (noting that 
«i cos or, = *i the projection of 8 on Pj, that 8 cos or, = «,, the 
projection of 8 on jP„ and so on). 

The projections *„ «„ etc., may be called the di8tance8 de- 
scribed in their respective directions by the forces P„ P„ etc.; 
P, and jP, having mo'ved forward^ since «, and s^ fall in front 
of the initial position of their points of application ; R^ and R^ 
iackward^ since ^3 and s^ fall behind the initial positions in 
their case. (By forward and backward we refer to the d" 
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tion of each force in turn.) The name Work is given to the 
product of a force hy the distance described in the direction 
of the farce hy the point of application. If the force moves 
forward (see above), it is called a workingforce^ and is said to 
do the work (e.g., Pj^j) expressed by this product; while if 
backward^ it is called a resistance^ and is then said to have ike 
work (e.g., -ff,«,), done upon itj in overco7ning it through the 
distance mentioned (it might also be said to have done nega- 
tive work). 

Eq. (a) above, then, proves the theorem that : In aunifor^n 
translation^ the working forc^ do an amount of work which 
is entirely applied to overcoming the resistances. 

129. Unit of Work. — Since the work of a force is a product 
of force by distance, it may logically be expressed as so many 
foot-pounds, inch-pounds, kilogram-metere, according to the 
system of units emploj-ed. The ordinary English unit is the 
foot-pound, or ft.-lb. It is of the same quality as a force- 
moment. 

130. Power. — Work as already defined does not depend on 
the time occupied, i.e., the work P^s^ is the same whether per- 
formed in a long or short time; but the element of time is of 
so great importance in all the applications of dynamics, as well 
as in such practical commercial matters as water-supply, con- 
sumption of fuel, fatigue of animals, etc., that the rate of work 
is a consideration both of interest and necessitv. 

Power is the rate at which work is done^ and one of its 
units is one foot-pound per second in English practice ; a larger 
one will mentioned presently. 

^\\Qpo^oer exerted by a working force^ or expended upon a 
resistance^ may be expressed symbolically as 

L = Pj^, -T- ^, or R^s^ -T- ty 

m which t is the time occupied in doing the work P^s^ or J?,/?, 
(see Fig. 144) ; or if v^ is the component in the direction of 
the force P^ of the velocity v of the body, we may also write 

L=P,v, (i) 
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131. Example, — Fig. 145, shows as a free body a sledge 
wliicli is being drawn uniformly up 
a rough inclined plane by a cord 
parallel to the plane. Kequired the 
total power exerted (and expended), 
if the tension in the cord is P, = 100 
lbs., the weight of sledge i?, = 160 fio. i46. 

lbs., P = 30°, and the sledge moves 240 ft. each minute. N 
and li^ are the normal and parallel (i.e., R^ = friction) com- 
ponents of the reaction of the plane on the sledge. From eq, 
(1), § 128, the work done while the sledge advances through 
B = 240 ft. may be obtained either from the working forces, 
which in this case are represented by jP, alone, or from the 
resistances R^ and R^, Take the former method firet. Pro- 
jecting B upon jPj we have s^ = 8, 

Hence Pfi, or 100 lbs. X 240 ft. = 24,000 ft-lbs. 

of work done in 60 seconds. That is, ^\q power exerted by the 
worldng forces is 

L = P^s^ -r- ^ = 400 f t.-lbs. per second. 

As to the other method, we notice that 7?, and R^ are resist* 
ances, since the projections «, = « sin y5, and s^ = ^, would full 
back of their points of application in the initial position, while 
N is neutral^ i.e., is neither a working force nor a resistance, 
since the projection of % upon it is zero. 

From :^X= we have -- R,- G sin /? + P, = 0, 

and from 2r=0(§109) JV-Gcos/S =0; 

whence R^ the friction = 20 lbs., and iT = 138.5 lbs. Also, 
since «, = « sin /? = 240 X i = 120 ft., and 8^ = 8, = 240 ft., 
we have for the work done upon the resistances (i.e., in over- 
coming them) in 60 seconds 

R,8, + R,8, = 160 X 120 + 20 X 240 = 24,000 f t.-lbs., 

and the power expended in overcoming resistances^ 

L = 24,000 -T- 60 = 400 ft.-lbs. per second, 

as already derived. Or, in words the power exerted by the 
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tension in the cctJ is expended entirely in raising the weight 
a vertical height of 2 feet, and overcoming the friction tlirough 
a distance of 4 feet along ciie plane, every Becond ; the motion 
being a uniform trandatimi. 

132. Horse-Power.^ — As an average, a horse can exerts a trac- 
tive effort or pull of 100 lbs., at a uniform pace of 4 ft. per sec- 
ond, for ten honi-s a day without too great fatigne. This gives 
a power of 400 ft.-Iba. per second; but Bonlton & Watt in 
rating their engines, and experimenting with the strong dray- 
horses of London, Bsed upon 650 ft. -lbs. per second, or 33,000 
fl.-]bs. per minute, as a convenient large unit of power. {The 
French horse-power, or cheval-vaj>eur, is slightly lees than the 
English, being 75 kilograinmetera per second, or 32,550 ft.-lbe. 
perniinnte.) This value for the horse-power is in common 
use. In the example in § "131, then, the power of 400 ft.-lbs. 
}>er second exerted in raising the weight and overcoming fric. 
tion may be expressed as{400-^550 =) -^of a horse-power. A 
jnnn can work at a rate equal to about -j^ of a horse-power, 
with proper intervals for eating and sleeping, 

133. Kinetic Energy. Betarded Tranal&tion. — In a retarded 

trausktion of a rigid body whose mass = M, suppose there 

lire no working-forces, and that the resistances are constant and 

their resultant is /i. (E.g., Fig. 146 shows such a case; a 

•fj sledge, having an initial velocity c and slid- 

*^i 7 .^ ing on a mngh horizontal plane, is gi-adu- 

Sgti ' i ^ ^SK-y ally retarded by the friction i?.) 7? is par- 

Q aliel to tlie direction of translation (g 109) 

Fw. 1*8. and the acceleration is j) = — li ~-M; 

hence from vJv =jids we have 

fodv = - (1 ^ M)fli(ts. .... (I) 
Dut tlie projection of each rfs of the motion npon ^ is = ds 
itself; i.e. (g 12S), J^ds is the icark done upon R, in overcom- 
ing it thi-ongh the small distance dsj and /Rds is the sum of 
all snch amoitnts of work throughout any definite portion of 
the motion. Let the range of motion be between the points 
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where the velocity = <?, and where it = zero (i.e., the mass 
has come to rest). With these limits in eq. (1) (0 and «' be- 
ing the corresponding limits for «), we have 

^=/'m. ...;.. (0) 

That is, in giving up aU its velocity c the hody has heen cMe 
to do the work f lids (this, if H remains constant, rednces to 

Rs') or its equal — ^. If, then, by energy we designate the 

ahility to perform worTc^ we give the name kinetic energy of 
a moving body to the product of its mass hy half the square 

iMv^X 
of its velocity I— o^j; i-e., energy due to motion. (The anti- 
quated term vis viva was once applied to the fonn Mv*.) 

m 

134. Work and Kinetic Energy in any Translation. — Let P 

be the resultant of the working forces at any instant, li that 

of the resistances ; they (§ 109) will both M 

act in a gravity-line parallel to the di- < 

rection of translation. The acceleration O^ ^ ..p ' 

at any instant is ^ = {"SX -=- M) "* rio. i47. 

= {P — li) -T- M\ hence from vdv =pds we have 

Mvdv := Pds — Pds (1) 

Integrating between any two points of the motion as (?and 0' 
where the velocities are Vg and v\ we have after transposition 

/p*=/'^+[^''-*5.-]. . . (^ 

But P being the resultant of Pj, P„ etc., and P that of 
P^^ i?„ etc., we may prove, as in § 62, that if rfw„ rfw„ etc., be 
tlie respective projections of any ds upon P„ P„ etc., while 
dw^^ dw^^ etc., are those upon ^„ 7i?„ etc., then 

Pds^P^du^-^P^du^-j- .... and Pds=P,dw,-{-P,dw^ . . . . ; 

and (d) may be rewritten 
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■L-r--rJiW 



or, in words : In any translation, a portion of the work dons 
by the working forces is applied in overeoming the resiatancea 
while the remainder equals the change in t]te kinetic energy of 
the hody. 

It will be noted that the bracket in (e) depends only on the 
initial and final velocities, and not upon any intermediate 
Tallies; hence, if the initial Btate is one of rest, and also the 
final, the total change in kinetic energy is zero, and the work 
of the working forces has been entirely expended in tlie work 
of overcoming the resistances ; bnt at intermediate stiiges tlie 
former exceeds the wurk so far needed to overcome refiietances, 
and ibis excess is said to be stored in the moving mass ; and as 
the velocity gradnally becomes zero, this stored energy becomes 
available for aiding the working forces (which of themselves 
are then insiiflicient) in overcoming the resistances, and is then 
said to he restored, (The function of a fly-wheel might be 
stnted in similar terms, but as tliat involves rotary motion it 
will be deferred.) 

Wurk applied in increasing the kinetic energy of a Ijody is 
sometimes called " work of inertia," as also the work done by 
a moving body in overcoming resistances, and thei-eby losing 



135. Example of Steam-Eammer. — Let ns apply eq. {e) to 
determine the velocity v' attnined by a steam-hammer at the 
lower end of its stroke (the initial velocity being = 0), just 
before delivering its blow npon a forging, sup]K)aing tliat 
(ho steam-pressme /*, at all stages of the downward stroke la 
given by an indicator. Fig. 148. Weight of moving mass 
is 322 lbs,; .-. M= 10 (foot-ponnd-second system), l=\ foot. 
The working forces at any instant are P,= 0= 323 lbs.; i*„ 
which is variable, bnt whose vaUiee at the seven equally spaced 
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points a, i, c, <?, <9, /, g^ are 800, 900, 900, 800, 600, 500, 450 

lbs., respectively, i?^ the exhaust-pressure (16 

lbs. per sq. inch X 20 sq. inches piston-area) = 

320 lbs., is the only resistance, and is constant. 

Hence from eq. {e\ since here the projections 

du^^ etc., of any d% upon the respective forces | 

are equal to each other and = cfe, " | 

ds+J^P,ds = Bj ds + -^. (1) 

The term fP^ds can be obtained approximately 
by Simpson's Rule, using the above values for 
six equal divisions, which gives 

^[800 + 4(900 + 800 + 500) 
+ 2(900 + 600) + 450] 

= 725 f t.-lbs. of work. Hence, making all the substitutions, 

we have, since I ds = 1 ft., 

322 X 1 + 725 = 320 X 1 + iMv''; .-. ^Mv'' = 727ft..lbs. 
of energy to be expended in the forging. (Energy is evi- 
dently expressed in the same kind of unit as work.) We may 
then say that the forging receives a blow of 727 ft. -lbs. 
energy. The pressure actually felt at the surface of the ham- 
mer varies from instant to instant during the compression of 
the forging and the gradual stopping of the hammer, and 
depends on the readiness with which the hot metal yields. 

If the mean resistance encountered is ^^, and the depth of 
compression «", we would have (neglecting the force of gravity, 
and noting that now the initial velocity is v\ and the final 
zero), from eq. (c), 

iMv'' = B^s''; i.e., H^ = [727 -^ s'' (ft.)] lbs. 

E.g., if s'' = I of an inch = ^ of a foot, H^ = 43620 lbs., 
nnd the maximum value of li would probably btti^ ' "^ble 

this near the end of the impact. If the anvil ali 
the impact a distance «'", we must substitute f 
of «" ; this will give a smaller value for T 
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By mean value for Ji is meant [eq. (c)} tliat value, Ii„, which 
Batiefiee tlie relation 



■??-«' 



-/ 



Jlds. 



This may be called more explicitly a space-average, to dis- 
tinguish it from a tiTne-average, which might appear in some 
problems, viz,, a valne i?^, to satisfy the relation {if being the 
duration of the impact) 



I},J' =f Rdt, 



and ia different from /?„. 

From p/o" ^ 727 ft.-lbs., we have v' = 12.06 ft. per sec, 
whereas for a free fall it would iiave been 1^2X32.2X1 = S.03. 
{This example is virtually of tlie same tind as Prob. 4, §53, 
differing chiefly in phi-aeeology.) 

186, Pile-Driving. — The safe load to be placed uj>on a pile after 
the driving is tinisiied is generally taken as a fraction (from J 
to i) of the resistance of the earth to the passage of the pile as 
indicated by the effect of the last few blows of the i-am, in ac- 
cordanca with the following approximate theory : Toward tlio 
* end of tlje driving the resistance li encountered by 

the pile is nearly constant, and is assumed to be lliat 
met by the ram at the head of the pile; the distance 
«' through which the head of the pile sinks as an 
effect of the last blow is observed. If G, then, ie 
the weight of the ram, = Mg, and A llie height of 
free fall, the velocity due to h, on striking the pile, 
ia c = \/'lgk (§ 52), and we have, from eq. (f). 



I 



■f 



iJf«', i.e., Gk 



-/ 



Bdt = /?«' 



(1) 



{R being considered constant) ; hence It=Gh-T- «', 
rio!'j«. and the safe had (for ordinary wooden piles), 

P = fi-om J to J of (?A 4- «' (2) 

Maj, Snndere rcconnnends J- from experiments made at Foi-t 
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Delaware in 1851; Molesworth, ^; General Barnard, ^, from 
extensive experiwentB made in Holland. 

Of couree from ^q. (2), given jP, we can compute «'. 

(Owing to the uncertainty as to how much of the resistance 
2i is due to friction of the soil on the sides of the pile, and 
how much to the inertia of the soil around the shoe, the more 
elaborate theories of Weisbach and Kankine seem of little 
practical account.) 

137. Example. — In preparing the foundation of a bridge-pier 
it is found that each pile (placing them 4 ft. apart) must bear 
Siifely a load of 12 tons. If the ram weighs one ton, and falls 
12 ft., what should be the effect of the last blow on each pile? 
Using the foot-ton-second system of units, and Molesworth 
factor -J-, eq. (2) gives 

«' = 1(1 X 12 -r- 72) = :iiy of a foot = i of an inch. 

That is, the pile should be driven until it sinks only \ inch 
under each of the last few blows. 

138. Kinetic Energy Lost in Inelastic Direct Central Impact. — 

Eeferring to § 60, and using the same notation as there given, 
we find that if the united kinetic energy possessed by two in- 
elastic bodies after their impact, viz., \M^C^ + i^^'j O' hav- 
ing the value {Mfi^ + ^%<^^ -^ (-3^i + ^«)> b® deducted from 
the amount before impact, viz., \Mfi^ + i^«^«'» ^^ ^** of 
kinetic energy during impact of two inelastic bodies is 

An equal amount of energy is also lost by partially elastic 
bodies during the first period of the impact, but is partly re- 
gained in the second. If the bodies were perfectly elastic, we 
would find it wholly regained and the resultant loss zero, from 
the equations of § 60 ; but this is not quite the reality, on 
account of internal vibrations. 

The Jcmeiic energy stiU remaining in two mda^tio I 
after impact (they move together as one mass) is 
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i{Jlf^ + ^i)0% or, after inserting the value of 
C = {M,c, + 31, c,) ^ {M, + Jf,), we liave 

1 [M,o, + M,c;\^ 



(2) 



Mj 



Example 1. — Tlie weight G^ = i[f,gr falls freely 
through a height A, impinging upon a weight G, 
= M^g^ which was initially at rest. After their (in- 
dastic) impact they move on togetlier with the com- 
bined kinetic energy just given in (2), which, since 
Cj and ^„ the velocities before impact, are respectively 

V2(/h and 0, may be reduced to a simpler form. 
This energy is soon absorbed in overcoming the 
flange-pressure J?, which is proportional (so long as 
the elasticity of the rod is not impaired) to the 
elongation s, as with an ordinary spring. If from 
previous experiment it is known that a force i?^ 

produces an elongation s^, then the variable 2i = (i?, -r-«o)«. 

Neglecting the weiglit of the two bodies as a working force, 

we now have, from eq. (rf), 
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When 8 = «', i.e., wlien the masses are (inomentarilj') at rest 
in the lowest position, the flange-pressure or tensile stress in the 
rod is a maximum, li' = (i?, -7- «„)«', whence «' = Ji's, -i- H, ; 
and (3) may be written 

li' . M,'ffh 



2 



8 = 



or 



M, + jr.' 
_ M*yh 

2i?; ~ -¥. + m; 



(*) 



(5) 



Eq. (3) gives the final elongation of the rod, and (5) the greatest 
tensile force upon it, provided the elasticity of the rod is not 
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impaired. The form i7?V in (4) may be looked upon as a direct 
integration of / Itds^ viz., the mean resistance {^R') multi- 
plied by the whole distance («') gives the work done in over- 
coming the variable R through the successive efo's. 

If the elongation is considerable, the working-forces O^ and 
G^ cannot be neglected, and would appear in the term -j- {G^ 
-f- G^^ in the right-hand members of (3), (4), and (6). The 
upper end of the rod is firmly fixed, and the rod itself is of 
small n)as8 compared with M^ and M^, 

Example 2. — Two cars. Fig. 151, are connected by an elastic 
chain on a horizontal ti^ack. Velocities before impact (i.e., 

before the stretching of the chain be >c^ o ►ci 

gins, by means of which they are [^4..^____.^.^j^i 
brought to a common velocity at the M^ Ma 

instant of greatest tension i?', and fio. i5i. 

elongation «' of the chain) are c, = c„ and c, = 0. 

During the stretching, i.e., the fii'st period of the impact, the 
kinetic energy lost by the masses has been expended in stretch- 
ing the chain, i.e., in doing the work i^V ; hence we may 
write (the elasticity of the chain not being impaired) (see eq. (1) ) 

MJ^^^l R^ ?:_^*o ,., 

J/, +Jf." 2^* - «. • 2 - 2i?/ ' • W 

in which the different symbols have the same meaning as in 
Example 1, in which the rod corresponds to the chain of this 
example. 

(Let the student explain why the stipulation is not made here 
that one end of the chain shall remain fixed.) 

In numerical substitution, 32.2 for g requires the use of the 
units foot and second for space and time, while the unit of 
force may be anything convenient. 

139. Work and Energy in Botary Hotion. Axis Fixed.— 

The rigid body being considered free, let an axis through 
perpendicular to the paper by the axis of rotation, and resolve 
all forces not intersecting the axis into components parallel 
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and perpend iciilur to tlie axis, and the lutiei* ngain into com- 
poneots tangent and normal to the circular path of the point 
of application. These tangential oom- 
ponenta are evidently tite only onea 
of the three sets mentioned wliich 
have momeuls about the axis, those 
■ having momenta of the aaiue eigii as 
CO (the angular velocity at any instant) 
being called wm-king forces, T„ T„ 
etc ; tliose of opposite sign, renst- 
■^ "*■ ances. T,', T,', elc; for when in time 

di the point of application S,, of T„ describes the smull arc 
ds, = a,'la, whose projection on T, is = da,, this projection 
falls ahead (i.e., in direction of force) of the position of the 
point at the bcgtiming of dt, while tlie i-everee is true for T,\ 
From eg. (XIV.), § 114, we have for (ungnl. accel.) 

g ^ (r,». + r.».+ ....)-(r,».' + r,v + ....) _ ^^ 

which substitnted in <arfia = dda (from § 110) gives (itmem- 
bering that a,dai = ds,, etc.), after integration and transposition, 

f" T/fo, -\-f T,ds, + etc. 

=^'' T,'ds: H-jT" r,'<fo.' + etc + [^<^^V - 4«.V], (2) 

where and n refer to any two initial and final positions of 
the rotating l>ody. Eq. (4), g 120, is an example of this. 

Now 4(w//= ^oo^dMff =J\d2l{a>„py, which, since oa^p 
IB the actual velocity of any dMat this (final) instant, is nothing 
more than the sum of the amounts of kinetic energy possessed 
at this instant by all the particles of tbe body ; a similar Btate> 
ment may he made for iw,'/. 

Eq. (2) tlierefore may be put into words as follows: 

^dv)een any Ueopoeitiona of a rigid body rotating about a 

fxed aeeis, the work done hy the working forces ia partly ueed 

in overcoming the resistances, and the reinavnd^ in changing 

the hinetic energy of the individual particles. IE in any case 
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tbis remainder is negative, the final kinetic energy is less than 
the initial, i.e., the work done by the working forces is less than 
that necessary to overcome the resistances through their respec- 
tive spaces, and the deficiency is made up by the restoring of 
some of the initial kinetic energy of the rotating body. A 
moving fly-wheel, then, is a reservoir of kinetic energy. 

Eq. (2) has already been illustrated numerically in § 121, 
where the additional relation was iitih'zed (for a connecting-rod 
and piston of small mass), that the work done in the steam- 
cylinder is the same as that done directly at the crank-pin by 
the working-force there. 

140. Work of Equivalent Systems the Same. — If two plcme 
systems of forces acting on a rigid hody are equivalent (§ 1 ha\ 
the aggregate work done hy either of tJtem during a given slight 
displacement or motion of the hodypa/raUel to their plane is 
the sa/m£. By aggregate work is meant what has already been 
defined as the sum of the " virtual moments" (§§ 61 to 64), in 
any small displacement of tlie body, viz., the algebraic sum of 
tlie products, ^{Pdu\ obtained by multiplying eacli force by 
the projection {du) of the displacement of (or small space 
described by) its point of application npon the force. (We 
here class resistances as negative working forces.) 

Call the systems A and B ; then, if all the forces of B were 
reversed in direction and applied to the body along with those 
of Ay the compound system would be a hala/nced system^ and 
hence we would have (§ 64), for a small motion parallel to the 
plane of the forces, 

2{Pdu) = 0, i.e., 2{Pdu) for A - 2{Pdu) for -S = 0, 

or + 2{Pdu) for A = + 2{Pdu) for B. 

But -|- ^ (JPdu) for A is the aggregate work done by the forces 
of A during the given motion, and + 2{Pdu) for jB is a 
similar quantity for tlie forces of B (not revereed) during the 
same small motion if B acted alone. Hence the theorem is 
proved, and could easily be extended to space of three dimen- 
sions. 

10 
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141. Eelation of Work and Kinetie Energy finr any Ttiteiidfid 
Motion of a Sigid Body Parallel to a Kane. — ^If at any instant 

anv of tLe forces acting are not 
parallel to tbe plane mentiCHied, 
tbeir components Ijing in or 
paraliel to that plane, will be nsed 
instead, since the other compo- 
nents obvionslr wonld be neither 
working forces nor resistances.) 
Fig. 153 shows an initial position, 
o, of the body ; a final, n ; and an j intermediate, as q. The 
forces of the system acting may vary in any manner during 
the motion. 

In this motion each dJii describes a curve of its own with 
varying velocity r, tangential acceleration ^,, and radius of 
curvature r; hence in any position j, an imaginary system £ 
(see Fig. 154), equivalent to the actual system A (at q in Fig. 
153), would be formed by applying to each dJtf a 
tangential force dT= dJifpt^ and a normal force 
d^= dJtfv* -7- r. By an infinite number of con- 
secutive small displacements, the body passes from 
o to n. In the small displacement of which q is the 
initial position, each d^JT describes a space dsj and 




\ 



dT 
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dT does the work dTds = dJfvdv, while dy^ does the work- 
dN^ X = 0. Hence the total work done by £ in the small 
displacement at q would be 



= dM'v'dv' + dMWdv'' + etc., 



(1) 



including all the dM'*& of the body and their respective veloci- 
ties at this instant. 

But the work at q in Fig. 153 by the actual forces (i.e., of 
system A) during tlie same small displacement must (by § 140) 
be equal to that done by jB, hence 

r,du, + r^du, + etc. = dWv'dv' + dM"v"dv'' + etc. (?) 

Now conceive an equation like (j) written out for each of 
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the small consecutive displacements between positions o and 
n and corresponding terms to be added ; this will give 

/n /%u 

Pxdu^ + / ^a^w, + etc. 

= dM'fv'ch' + awf^v^'dv'' + etc. 

= \dw\v^' - v:') + kdM'\v:'' - vr) + etc 
The second member may be rewritten so as to give, finally, 

f P^du.+f' P,rft^,+etc. = :2{^dMv^') - :2{^dMv:\ (XV.) 

or, in words, the work done hy the acting forces (treating a re- 
sistance as a negative working force) between any two posi- 
tions is equal to the gain (or loss) in the aggi'egate kinetic 
energy of the particles of the hody between the two positions. 
To avoid confusion, ^ has been used instead of the sign y in 
one member of (XV.), in which v^ is tlie final velocity of any 
dM {tiot. the same for all necessarily) and v^ the initial. 

(The same method of proof can be extended to three dimen- 
sions.) 

Since kinetic energy is always essentially positive, if an ex- 
pression for it comes out negative as the solution of a problem, 
some impossible conditions have been imposed. 

142. Work and Kinetic Energy in a Hoving Hachine. — 
Defining a mechanism or machine as a series of rigid bodies 
jointed or connected together, so that working-forces applied 
to one or more may be the means of overcoming resistances 
occurring anywhere in the system, and also of changing the 
amount of kinetic energy of the moving masses, let us for 
simplicity consider a machine the motipns of whose parts are 
all parallel to a plane, and let all the forces acting on any one 
piece, considered free, at any instant be parallel to the same 
plane. 

Now consider each piece of the macliiiie, or of any series of 
its pieces, as a free body, and write out eq. (XV.) for it be- 
tween any two positions (whatever initial and final positions are 
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selected for tlie fii-st piece, those of the others must be corre- 
sponding initial and corresponding final positions), and it will 
be found, on adding np corresponding members of tliese equa- 
tions, that the terms involving those components of the mutual 
pressures (between the pieces considered) whicli ai-e normal 
to the rubbing surfaces at any instant will cancel out, while 
their components tangential to the rubbing surfaces (i.e.,y*Wtf- 
tiony since if the surfaces are perfectly smooth there can be 
no tangential action) will appeal* in the algebraic addition as 
resistances multiplied by the distances rubbed through, vieas- 
ured on the ruhhing surfaces. For example, Fig. 155, where 
one rotating piece both presses and rubs on another. Let the 
normal pressure between them at -4 be i?, = jP, ; it is a work- 
ing force for the body of mass J/", but a resistance for JT, 
hence the sepsirate symbols for the numerically equal foi*ces 
(action and reaction). 

Similarly, the friction at A is ^, = jP,; a resistance for M\ 
a working-force for JT^ (In some cases, of coui'se, friction 
may be a i*esistance for both bodies.) For a small motion, A 
describes the small arc AA' about 0' in dealins: with JiT, but 
for JT' it describes the arc AA'' about 0'\ A' A'' being 
parallel to the surface of contact AD^ while AB is perpen- 






Fio. 155. 



Fio. ise. 



Fio. 15T. 



dicular to AW. In Fifirg. 156 and 157 we see JT and JiT' 
f i*ee, and their cori*esponding small rotations indicated. During 
these motions the kinetic energy (K. £.) of each mass has 
changed by amounts (/(K. E.)ii» and f/(K. E.)jr' respectively, and 
lience eq. (XV.) gives, for each free body in tunu 

P'^' - R,AB - B^AJB = d(^. E.)j|* . (1) 

- i?J^+ P,AB + P,A^ = (/(K. E.)ir'. . (2) 
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Now add (1) and (2), member to member, remembering that 
P^ = H^ and jP, = ^, = JJ^, = friction, and we have 



P,aa' - F,A'A'' - B.W' = d{K. 'E,)yp + d(K. E,)m'^, (3) 

in which tlie mutual actions of JIT and Jf ' do not appear, 
except tlie fi-iction, the work done in overcoming whichy when 
the two bodies are thus considered collectively, is the product 
of the friction by the distance A' A^' of actual rubbing meas- 
ured on the rvhbing surface. For any number of pieces, then, 
considered free collectively, the assertion made at the beginning 
of this article is ti*ne, since any finite motion consists of an 
infinite number of small motions to each one of which an equa- 
tion like (3) is applicable. 

Summing the corresponding terms of all such equations, we 
have 

f" r,du, +J^P,du,+ etQ. = 2(K.E.)n- -2(K. E.)..(XVI.) 

This is of the same form as (XV.), but instead of applying to a 
single rigid body, deals with any assemblage of rigid parts 
forming a machine, or any part of a machine (a similar proof 
will apply to three dimensions of space); but it must be remem- 
bered that it excludes all the mutual actions of the pieces con- 
sidered except friction, which is to be intix)duced in the manner 
just illustrated. A flexible inextensible cord may be considered 
as made up of a gi*eat number of short rigid bodies jointed 
without friction, and hence may form part of a machine with- 
out vitiating the truth of (XVI.). 

2(K. E.),» signifies the sum obtained by adding the amounts 
of kinetic enei^y {^Mv^ for each elementary mass) possessed 
by all the particles of all the rigid bodies at their final posi- 
tions ; ^(K. E.)o, a similar sum at their initial positions. For 
example, the K. E. of a rigid body having a motion of transla- 
tion of velocity v, = \v\fdM:= iMv^\ that of a rigid body 
having an angular velocity go about a fixed axis Z, = ic^/^ 
(§ 139) ; while, if it has an angular velocity co about a gravity- 
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axis Z, wliicii lias a velocity Vz ot translation at right angles to 

iteelf, tlie (K. E.) at this instant may be proved to be 

i.e., 18 the aiim of the amounts due io the two niotimi^ sepa- 
rately. 

143. K. E. of Combined Bottitioii and Tranalation. — The bst 

elatenieiit iiiiiy lie ibiis proved. Fig. 157. 

At a given iiietaut the velocity of any dM is 

-—>--?' V, the diagonal formed on the velocity u^of 

■^i\ ""' ti'aiislation, and the rotary velocity a}p rela- 

\ lively to the moving gravity-axis Z (per- 

c L' 1 1 V pendiciilar to paper) (see § 71), 

F», IBS. i-e-, v' = Vz' + {tcpf + 2{cjp)v-s COS ^ ; 

hence we have K. E., at this instaut, 
= /idJlfv' =:if/fdjii-{-^a}ydMp'-\-fi<mfz/dMpcoa <p, 

but p COB (p = ai, and /dMx = Mx ^ 0, since Z ie a gravity- 
axis, 

.-. K. E. = JJfi-z' + iw'/ji. Q.E.D. 

It 18 interesting to notice tliat the K. E. due to rotation, viz., 
^la'/g = i3f{ii}ky, is tJie sjune as if the whole mass were con- 
centrated in a point, line, or thin shell, at a distance 1% the 
radius of gyration, from the axis. 

144. Ezftmple of a Machine in Operation. — Fig. 159. Con- 
sider the four consecutive moving masses, JT, M", M"', and 
Jf " (being the piston ; connecting-rod ; fly-wheel, crank, drnra, 
and chain ; and weight on inclined plane) as /re-e, collectively. 
Let lis apply eq. (XYL), the initial and final positions being 
taken when the crank-pin is at its dead-points o and n ; i.e., we 
deal with the progress of the pieces made wliile the crank-pin 
describes its npper semicircle. Remembering that tlie niutnal 
actions between any two of these four massea can be left ont 
of account (except friction), the only foi-cea to be put in are 
tlie actions of other bodies on any one of these four, and are 
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shown in the figure. The only mutual friction considered will 
be at the crank-pin, and if this as an average — I^\ the work 
done on it between o and n = t'^'nr"^ where r" = radius of 
crank-pin. The work done by P^ the effective steam-pressure 
(let it be constant) during this period is = PJf ; that done in 
overcoming i^^,, the friction between piston and cylinder, = FJJ ; 
that done upon the weight G' of connecting-rod is cancelled by 
the work done hy it in the descent following ; tlie work done 
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upon 6"^% = GF^^na sin )9, where a = radius of drum ; that 
upon the friction F^^ = F^na, The pressures N\ iV^"", and 
N^'\ and weights O' and G"\ are neutral, i.e., do no work either 
positive or negative. Hence the left-hand member of (XVI.) 
becomes, between o and n, 

Py - Fy - F'nr - G'^na sin /? - F,na, . . (1) 

provided the respective distances are actually described by 
these forces, i.e., if the niasses have sufficient initial kinetic 
energy to carry the crank-pin beyond the point of minimum 
velocity, with the aid of the working force P„ whose effect is 
small up to that instant. 

As for the total initial kinetic energy, i.e., -5"(K. E.)„ let us 
express it in terms of the velocity of crank-pin at <?, viz., F,. 
The (K.E.), of M' is nothing ; that of M'\ which at this in- 
Btaut is rotating about its right extremity (^a?^rfforthe instant) 
with angular velocity od" = K -t- V\ is W'"U'"\ that of JT^^ 
= ia/'Vc''', in which oj'" = F^ -t- r ; that of J/^^ (translation) 
= iJf * V"'? ill which -v,*^ =z{a-^r) V,. -5"(K. E.)^ is expressed 
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in a corresponding manner with F^ (final velocity of crank-pin) 
instead of V^. Hence the riglit-liand member of (XVI.) will 
give (putting the radius of gyration of Jf' ' about C = A/', 
and that of If'' about C = k) 

By writing (1)=(2), we liave an equation of condition, capa- 
ble of solution for any one unknown quantity, to be satisfied 
for the extent of motion considered. It is understood that the 
chain is always taut, and that its weight and mass are neg- 
lected. 



145. Numerical Case of the Foregoing. — (Foot-pound-second 
system of units for space, force, and time; this requires ff 
= 32.2.) 

Suppose the following data : 



Fest. 


Lbs. 


Lbs. 


Mass Units. 


I' = 2.0 
I" = 4.0 
a = 1.5 
r = 1.0 
A;- 1.8 
k!' -2.3 


P, = 6000 

Fi = 100 

F' (av'ge) = 40 

F, = 300 


G' = 60 

G" - 50 

G'" - 400 

G'» - 3220 


(uud .-.) 

M' = 1.86 

^f" = 1.55 

M'" = 12.4 
if' ' = 100.0 


Also let Fo = 4 ft. per sec. 



Denote (1) byTFand the large bracket in (2) by J/ (this by 
some is called the total mass ^^ reduced ^^ to the crank-pin). 
Putting (1) = (2) we have, solving for the unknown F^, 



V-+---- 



M 



(3) 



For above valnes, 

W = 12,000 - 400 — 125.7 — 7590.0 — 1417.3 
= 2467 foot-poniids ; 

wl.ile jtf = 0.5 + 40.3 + 225.0 = 265.8 mass-nnits ; 

whence 



F„ = i/18.56 + 16 = i/34.56 = 5.88 ft. per second. 
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As to whether the crank-pin actually reaches the dead-point 
-B, requires separate investigations to see whether F^ becomes 
zero or negative between o and B (a negative value is inad- 
missible, since a reversal of direction implies a different 
value for TT), i.e., whether the proposed extent of motion is 
realized ; and these are made by assigning some other inter- 
mediate position 771, as a final one, and computing V^^ remem- 
bering that when m is not a dead-point the (K. E.),» of M is not 
zero, and must be expressed in terms of F^, and that the 
(K. E.)in of the connecting-rod W must be obtained from § 143. 

146. Beg^nlation of Hachines. — As already illustrated in 
several examples (§121), a fly-wheel of suflScient weight and 
radius may prevent too great fluctuation of speed in a single 
stroke of an engine ; but to prevent a permanent change, which 
must occur if the work of the working force or forces (such as 
the steam-pressure on a piston, or water-impulse in a turbine) 
exceeds for several successive strokes or revolutions the work 
required to overcome resistances (such as friction, gravity, re- 
sistance at the teeth of saws, etc., etc.) through their respective 
spaces, automatic governors are employed to diminish the 
working force, or the distance through which it acts per stroke, 
until the normal speed is restored ; or 'oice versd, if the speed 
slackens, as when new resistances are temporarily brought into 
play. Hence when several successive periods, strokes (or other 
cycle), are considered, the kinetic energy of the moving parts 
will disappear from eq. (XVI.), leaving it in this form : 

work of working-forces = work done upon re&istcmces. 

147. Power of Hotors. — In a mill where the same number of 
machines are run continuously at a constant speed proper for 
tlieir work, turning out per hour the same number of barrels 
of flour, feet of lumber, or other commodity, the motor (e.g., 
a steam-engine, or turbine) works at a constant rate, i.e., de- 
velops a definite horee-power (H.P.), which is thus found in 
the case of steam-engines (double-acting) : 
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H.P. = total mean effective ) r distance in feet j 

steam-pressare on > X -( travelled by pis- > -5- 550, 
piston in lbs. ) ( ton per second. ) 

i.e., the work (in ft.-lbs) done per second by the working force 
divided by 550 (see § 132). The total effective pressure at any 
instant is the excess of the forward over the back-pressure, 
and by its mean value (since steam is usually used expansively) 
is meant such a value P' as, multiplied by the length of stroke 
Z, shall give 



n =fpdx, 



where P is the variable effective pressure and dx an element 
of its path. If u is tlie number of strokes per second, we may 
also write {fooir^ound- second system) 

H.P. = P'lu -r- 550 = [^-P^]^ -^ 550. (XVII.) 

Very often the number of revolutions j?^ minute^ m, of the 
ci*ank is given, and then 

H.P. = P' (lbs.) X 2Z (feet) X m ^ 33,000. 

If P= area of piston we may also write P' =Pp\ where j[>' 
is the mean effective steam-pressure per unit of area. Evi- 
dently, to obtain P' in lbs., we multiply i^in sq. in. by^' in 
lbs. per sq. in., or P in sq. ft. by j?' in lbs. per sq. foot ; the 
former is cnstomary. p' in practice is obtained by measure- 
ments and computations from " indicator-cards" (see § 135, in 
which (Pj, — PJ corresponds to P of this section) ; or P7, i.e., 

/ Pdx, may be computed tlieoretically as in § 59, Problem 4, 

The power as thus found is expended in overcoming the 
friction of all moving parts (which is sometimes a large item), 
and the resistances peculiar to the kind of work done by the ma- 
chines. The work periodically stored in the increased kinetic 
energy of the moving masses is restored as they periodically 
resume their minimum velocities. 
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148. Potential Energy. — There are other ways in which work 
or energy is stored and then restored, as follows : 

First In raising a weight G through a height A, an amount 
of work = Gh is done upon Gy as a resiMance^ and if at any 
subsequent time the weight is allowed to descend through the 
same vertical distance h (the form of path is of no account), G^ 
now a working force^ does the work Gh^ and thus in aiding the 
motor repays, or restores, the Gh expended by tlie motor in 
raising it. If h is the vertical height through which the centime 
of gravity rises and sinks periodically in the motion of the 
machine, the force G may be left out of account in reckoning 
the expenditure of the motor's work, and the body when at its 
highest point is said to possess an amount Gh of potential 
energy, i.e., energy of position^ since it is capable of doing the 
work Gh in sinking through its vertical range of motion. 

Second. So far, all bodies considered have been by expi-ess 
stipulation rigid^ i.e., incapable of changing shape. To see 
the effect of a lack of rigidity as affecting the principle of 
work and energy in machines, -^^---..iwjr^^ 

take the simple case in Fig. 160. ^ T^^ ^ 

A helical spring at a given in- -^-^ — ^^^^^ird^^^- — ^M^'^ 

Btant is acted on at each end by T^-M g l^n" ^ 

a force P in an axial direction ' / ] 

(they are equal, supposing the fio. 160. 

mass of the spring small). As the machine operates of which 
it is a member, it moves to a new consecutive position jB, 
suffering a further elongation dX in its length (if P is increas- 
ing). P on the right, a working force, does the work Pdx'\ 
how is this expended ? jP on the left has the work Pdx done 
upon it, and the mass is too small to absorb kinetic energy or 
to bring its weight into consideration. The remainder, Pdx* 
— Pdx = Pd\y is expended in stretching the spring an addi- 
tional amount d\ and is capable of restoration if the spring 
retains its elasticity. Hence the work done in changing the 
form of bodies if they are elastic is said to be stored in the 
form of potential energy. That is, in the operation of ma- 
chines, the name potential energy is also given to the energy 
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stored and restored periodically m tlie clianglng and regaining 
of form of elastic bodies. 



149. Other Fomw of Enei^. — Nnmerons exfieriments with 
Tai'ioDB kiiuis of apparatus have proved tliat for everj 7"S 
(iibonl) fi.-llw, of work spent in overcoming fiiction, one Brilitdi 
nnil of heat is prod need (viz., tlie qnanlicy of heat necessary to 
raise the temjK-ratiire of one ponnd of water from 32° to 33" 
Fabrenheil); while from converse experiments, iii wliicli the 
amount of heat nsed in operating a steam-engine was all earef ally 
estimated, the disappearance of a certain portion of it conld only 
be acconnted for Iiy assuming tliat it Iiad been converted into 
work at t!ie same rate of (about) 773 ft.-lbs. of work to each 
nnit of heat {or 425 kilogram metres to each French unit of 
lieat). This number 772, or 425, nccoi-dinff to the system of 
tinits employed, is called the MechanuuU Eqvlvalent of Jlctit, 
first discovered by Jonle and confiimod by Hirn. 

Ilent then ia energy, and is snpposed to be of the kinetic 
form due to the lupid motion or vibration of tlie molecnies of 
a substance. A similar agitation among the molecules of the 
(hypothetical) ether diffused through space is sTipposed to pro- 
duce the plieuomena of light, electricity, and magnetism. 
Chemical action twing also considered a method of transform- 
ing energy (its possible future occurrence as in the case of coal 
and oxygen l>eing called potential energy), tlie well-known 
doctrine of the CoTtsei-vation of Energij, in accordance with 
which energy is indestructible, and the doing of work ie simply 
the conversion of one or more kinds of energy into etinivalent 
amonnts of others, is now one of the accepted hypotheses of 
physics. 

Work consumed in friction, though practically lost, still i-e- 
niains in the universe as heat, electricity, or some other subtile 
form of energy. 

150. Power Required for Individual Uachines. Bynamome- 
ters of Transmission. — If a uinchino is driven by an endless 

ticlt from the main-shaft, ^1, Fig. 161, being the driving- pulley 
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on the machine, the working force which drives the machine, 
in other words the " grip" with which tlie 
belt takes hold of the pulley tangentially p 
= P — P\ P and P' being the tensions 
in the "driving" and " following" sides of 
the belt respectively. The belt is supposed 
not to slip on the pulley. If -y is the ve- 
locity of the pulley -circumference, the 
work expended on the machine per second, i.e., the j>owery is 




Fio. 161. 



z = {P-py. 



0) 

To measure the force {P — P\ an apparatus called a Dy- 
namometer of Transmission may be placed between the main 
shaft and the machine, and the belt made to pass through it in 
such a way as to measure the tensions P and P\ or princi- 
pally their diflEerence, without meeting any resistance in so do- 
ing ; that is, the power is transmitted^ not absorbed, by the 
apparatus. One invention for this purpose (mentioned in the 
Journal of the FranTdin Institute some yeara ago) is shown 

(in principle) in Fig. 162. A ver- 
tical plate carrying four pulleys and 
a scale-pan is first balanced on the 
/ pivot G. The belt being then ad- 
justed, as shown, and the power 
turned on, a sufficient weight G is 
placed in the scale-pan to balance 
Fio. 168. the plate again, for whose equilib- 

rium we must have Gb = Pa — P^a^ since the P and P^ on 
the right are purposely given no leverage about G. The ve- 
locity of belt, v^ is obtained by a simple counting device. 
Hence {P — P') and v become known, and .*. Z from (1). 

Many other forms of transmission-dynamometers are in use, 
some applicable whether the machine is driven by belting or 
gearing from the main shaft. Emerson's Hydrodynamics de- 
scribes his own invention on p. 283, and gives results of meas- 
urements with it ; e.g., at Lowell, Mass., the power required 
to drive 112 looms, weaving 36-inch sheetings. No. 20 yarn. 
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00 tLreade to the indi, epeed 130 picke to tbe minnte, ms 
fyuud to be 16 Ii.P^ i.e^ ^ H.P. to eacli loom (p. 335). 

15L DynaiuiBeten if MimrfHam, — Tltese are eo named 
eluoe tlier ftiniklj iu tliemBeJres tbe reaBtanee (ftietioii or a 
weight) Id tbe orereomitig (or rei^g) of irliieli tbe power is 
expended or abE<>rbed. Of tbeee the Prany Friction SraJbe 
16 the mo6t common, and ie tieed for meaenring tbe power 
developed bv a giren motor (e.g^ a steam«n^se or torlnDe) 
□ot absorbed in the friction of the motor iueli. Fig. 163 




ehowB one fitted to a vertical pnlley driven by tbe motor. By 
tigljtening the bolt B. tbe velociij r of pulley-rim may be 
made couetant at any desired valne (wiihin certain limits) by 
tbe conseqneiit friction, r is measured by a counting appara- 
tne, wliile tbe friction (or tangential components of action be- 
tween pulley and brake), = J% becomes known by noting the 
weight (r wlijcli mnst be placed in the scale pan to balance tbe 
arm between the checks ; then 

Fa=Gb, (1) 

for the e<^jnilibrinm of the brake (EOpposing tbe weight of 
brake and ecale-pan prerionsly balanced on C) and tbe work 
done [>er unit of time, or power, is 

L = Fv (2) 

A *' daeb-pot " is frequently connected with tlie arm to prevent 
Ruddcn oscillations. In case tbe pulley ie horizontal, a bell- 
crank lever ie added between the arm and the scale-pan, and 
then e<i. (1) will contain two additional lever-arms. 
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152. The Indicator, nsed witli steam and other fluid engines, 
is a special kind of dynamometer in which tlie automatic mo- 
tion of a pencil describes a cnrre 
on paper whose ordinates are 
proportional to the flaid pres- 
Eui'es exerted in the cylinder at 
successive points of the stroke. 
Tims, Fig. 164, tlie back-pi'es- 
snre being constant and = /*{,, Fia. im. 
tlie ordinates P„ /*,, etc., represent the effective pi 
cqnally spaced points of division. The mean effective pressure 
P' (see § 147) is, for this figure, by Simpson's Bule (six eqnal 
spaces), 

P' = -hiP. + HP, + P. + p.) + KP. + P.) + P.]- 

This gives a near approximation. The power is nowfoand by 
§147. 

153. The tlieory of Atwood'a Hachine is most directly ex- 
pressed by the prineiple of work and energy; i.e., by eq. 

(XVI.), §142. Fig. 165. Tlie parts 
considered free, collectively, are the 
rigid bodies P, Q, 6', and fonr friction- 
wheels like G,; and the flexible cord, 
which does not slip on the upper pal- 
ley. There is no slipping at J), hence 
no sliding friction there. The actions 
of external bodies on these eight consist 
of the working force P, the resistances 
Q and the four F^% (at bearings of frio- 
tion-wlieel axles); all others (G, 46",, 
and the four ^s) are neutral. Since tliere is no nibbing be- 
tween any two of the eight bodies, no mutual actions whatever 
will enter the equation. Let P> Q, and /and /, be the mo- 
ments of inertia of G and G„ respectively, about their respec- 
tive axes of figure. Let the apparatus start from rest, then 
when P has descended through any vertical distance s, and ao- 
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quired the velocity v, Q has been drawn up an equal distance 
and acquired the same velocity, while the pulley Q has ac- 
quired an angular velocity co = v -i- ay each friction-pulley an 
angular velocity co^ =(r : a)v -r- a^. As to the forces, P has 
done the work Ps, Q has had the work Qs done upon it, while 
each i^has been overcome through the space (r, : a,)(r : a)8\ 
all the otlier forces are neutral. Hence, from eq. (XVI.), § 142 
(see also § 139), we have 

Ps^-Qs-^^F^ .-8 
^ a^ a 

L^ ' ^J2 ■ 2 a' '2 a* a* ^ 

Evidently v = Vs X constant, i.e., the motion of P and Q is 
uniformly accelerated. If, after the observed space « has been 
described, P is suddenly diminished to such a value P^ that 
the motion continues with a constant velocity = ^, we shall 
have, for any further space 8\ 

P's'^Qs'-^F^.-s'^Oy 
^ a^ a ' 

from which -Fcan be obtained (nearly) ; while if tf be the ob- 
served time of describing «', ^ = «' -^ ^' becomes known. 
Also we may write /= {G -t- g)k^ and /, = {O^ -t- g)k^^ and 
thus finally compute the acceleration of gravity, y, from our 
first equation above. 

154. Boat-Bowing. — Fig. 166. During the stroke proper, 
let P = mean pressure on one oar-handle ; hence the pressures 
on the foot-rest are 2P, resistances. Let Jf=massof boat 
and load, v^ and v^ its velocities at beginning and end of stroke, 
Pj = pressures between oar-blade and water, i? = mean re- 
sistance of water to the boat's passage at this (mean) speed. 
These are the only (horizontal) forces to be considered as act- 
ing on the boat and two oars, considered free collectively. 
During the stroke the boat describes the space «, = CZ), the 
oar-handle the space *, = AB^ while the oar-blade slips back- 
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ward through the Braall dpaoe (the "slip") = *, (average). 
Hence by eq. (XVI.), § 14:2, 

Le., 2P(*,-«.)=2^X^ii=2P* =i?«.+2PA+ ^M^v^^v:)) 

or, in words, the product of the oar-handle pressures into the 
distance described by them mea^u/red on, the hoat^ i.e., the work 
done by these pressures rdoiti/ody to the boat, is entirely ac- 
counted for in the work of slip and of liqnid-i^sistance, and in* 




creasing the kinetic energy of the mass. (The useless work 
due to slip is inevitable in all paddle or screw propulsion, as 
well as a certain amount lost in machine-friction, not considered 
in the present problem.) During the " recover" the velocity 
decreases again to v^. 

155. Examples. — 1. What work is done on a level track, in 
bringing up the velocity of a train weighing 200 tons, from 
zero to 30 miles per hour, if the total frictional resistance (at 
any velocity, say) is 10 lbs. per ton, and if the change of speed 
is accomplished in a length of 3000 feet ? 

{Foot-tonrsecond eystem.) 30 miles per hour = 44 ft. per 
sec. The mass 

= 200 -f- 32.2 =^ 6.2 ; 

.*. the change in kinetic energy, 

(= iMv' -iMx 0% 
= i(6.2) X 44' = 6001.6 ft.-tons. 
11 
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The work done in overcoming friction =^s, i.e., 

= 200 X 10 X 3000 = 6,000,000 ft.-Ibs. - 3000 ft.-ton8; 
.-. total work = 6001.6 + 3000 = 9001.6 ft.-toiiB, 

(If tlie track were an up-grade, 1 in 100 eay, tbe item of 
200 X 30 = 6000 f t.-tons would be added.) 

EjKimpl^ 2, — Eeqnired tlie rate of woi"k, or power, in Ex- 
ftuipJe 1. Tlie power is variable, depending on tbe velocity of, 
the train at any instant. Assume tbo motion to be uuiformly, 
accelerated, tlien tlie working force is constant ; call it P. 
The acceleration (g 56) will be^=iiV2g=1936-=-60u0=0.323 
ft, per sq. sec; and since P — F= Mp, we have 

P = 1 ton + (200 -=- 32.2} X 0.322 = 3 tons, 
which is 6000 4- 200 = 30 lbs. per ton of train,.of which 20 is 
due to its inertia, since when tiie speed becomes uniform tlie 
work of the engine is expended on friction alone. 

Hence when the velocity is 44 ft. per sec., the engine is 
working at tlie I'ate of Pv = 26i,000 f t.-lhs. per sec., i.e., at the 
i-ate of 480 H. P.; 

At i of 3000 ft. from the start, at the rate of 240 H. P., half 
as much ; 

At a uniform speed of 30 miles an hour the power would he 
simply 1 X 44 = 44ft.-ton8 per sec, = 160 H. P. 

Example 3. — The resistance offered by still water to the 
p.issage of a cert.ain steamer at 10 knots an hour is 15,000 lbs. 
What power must be developed by its engines, at this uniform 
speed, considering no loss iu " slip" nor in friction of ma- 
chinery i 

Example 4. — Same as 3, except that the speed is to be 15 
knots (i.e., nautical miles; each = 6086 feet) an honr, assum- 
ing that the resistances are as the square of tbe speed (approxi- 
mately trne). 

Example 5. — Same as 3, except that 12^ of the jwwer is ab- 
sorbed in the " slip" (i.e., in pushing aside and backwards the 
water acted on by the screw or paddle), and 8^ in friction of 
machinery. 

EeampU 6. — In Example 3, if the crank-sltaft makes 60 



WORKy JSNSBGTi AND POWER, 163 

revolations per minute, the crank-pin describing a circle of 18 
inches radius, required the average value of the tangential 
component of the thrust (or pull) of the connecting-rod against 
the crank-pin. 

Example 7. — A solid sphere of cast-iron is rolling up an in- 
cline of 30^, and at a certain instant its centre has a velocity of 
36 inches per second. Neglecting friction of all kinds, how 
much further will the ball mount the incline (see § 143) ? 

Example 8. — In Fig. 163, with J = 4 ft. and a = 16 inches, 
it is found in one experiment that the friction which keeps the 
speed of the pulley at 120 revolutions per minute is balanced 
by a weight G = 160 lbs. Required the power thus measured. 

Although in Examples 1 to 6 the steam cylinder is itself in 
motion, the work per stroke is still = mean effective steam- 
pressure on piston X length of stroke, for this is the final form 
to which the separate amounts of work done by, or upon, the 
two cylinder heads and the two sides of the piston will re- 
duce, when added algebraically. See § 154. 
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CHAPTER VIL 

FRICTION. 

156. Sliding Friction. — When the surfaces of contact of two 
bodies are perfectly smooth, the direction of the pressure or pair 
of forces between them is normal to these surfaces, i.e., to their 

tangent-plane ; but when they are rough, and 
moving one on the other, the forces or ac- 
tions between them incline away from the 
normal, each on the side opposite to the di- 





^^'^^^ ry .ir>,'./y>:y„y,,, rcctiou of the (relative) motion of the body 
'>^m:^y.^^LcM ^^ ^iji^jj i^ ^^^g^ rpjj^g^ Yig. 167, a block 

Fio. 167. whose weight is Q^ is drawn on a rough 

horizontal table bv a horizontal cord, the tension in which is 
P. On account of the roughness of one or both bodies the ac- 
tion of the table upon the block is a force -P„ inclined to the 
normal (which is vertical in this case) at an angle = tp away 
from the direction of the relative velocity v. This angle (p is 
called the angle of friction^ while the tangential component of 
P, is called the friction = F. The normal component iT, 
which in this case is equal and opposite to G the weight of the 
bod 3% is called the normal pressure. 

Obviously F= iVtan <p^ and denoting tan €p hjf we have 

j'=M. (1) 

f is called the coefficient offriction^ and may also be defined 
as the ratio of the friction i^^to the normal pressure iT which 
produces it. 
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In Fig. 167, if the motion is accelerated (ace. =^), we have 
(eq. (IV.), ^55)P-F=3fp;ii uniform, F - F= ; from 
which equations (see also (1))/* may be computed. In the 
latter case^^may be found to be different with different veloci- 
ties (the surfaces retaining the same character of course), and 
then a uniformly accelerated motion is impossible unless P 
were to vary as 1^. 

As for the lower block or table, forces the equals and op- 
posites of iT and 7^ (or a single force equal and opposite to -P,) 
are comprised in the system of forces acting upon it. 

As to whether jF i& sl working force or a resistance^ when 
either of the two bodies is considered free, depends on the cir- 
cumstances of its motion. For example, in friction-gearing 
the tangential action between the two pulleys is a resistance 
for one, a working force for the other. 

If the force P, Fig. 167, is just sufficient to start the body, 
or is just on the point of starting it (this will be called impending 
motion)^ Fi& called ihe friction of rest If the body is at rest 
and P is not sufficient to start it, the tangential component will 
then be < the friction of rest, viz., just = P. As P increases, 
this component continually equals it in value, and P^ acquires 
a direction more and more inclined from the normal, until the 
instant of impending motion, when the tangential component 
=yir = the friction of rest. When motion is once in prog- 
ress, the friction, called then \\\q friction of motion^ =.fN^ 
in which y is not necessarily the same as in the friction of rest 

157. Laws of Sliding Friction. — Experiment has demon- 
strated the following relations approximately, for two given 
rubbing surfaces : 

(1) The coefficient,^^, is independent of the normal pressure 

(2) The coefficient,^^, for friction of motion, is the same at 
all velocities. 

(3) The coefficient, f for friction of rest (i.e., impending • 
motion) is usually gi'eater than that for friction of motion 
(probably on account of adhesion). 
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(4) The coefficiently^, is independent of the extent of rob- 
bing snrface. 

(5) Tlie interposition of an unguent (such as oil, lard, tallow, 
etc.) diminishes the friction very considerably. 

158. Experiments of Sliding Friction. — These may be made 
with simple apparatus. If a block of weight = G^ Fig. 168, 
be placed on an inclined plane of uniformly rough surface, 
and the latter be gradually more and more inclined from the 
horizontal until the block begins to move, the value of fi at 





Fxo. lea 



Fig. 109. 



this instant = 9, and tan tp-zzif •=, coefficient of friction of 
rest. For from '2X = we have F^ i.e., fN^ = G Qin /3; 
from 2Y=^ 0, iV= (7 cos >S ; whence tan >S =y, .•. /3 must 

= 9- 

Suppose /3 so great that the motion is accelerated, the body 

starting from rest at e>, Fig. 169. It will be found that the 
distance x varies as the square of the time, hence (§ 56) the 
motion is uniformly accelerated (along the axis X). (Notice 
in the figure that G is no longer equal and opposite to /^j, the 
resultant of iTand jFj as in Fig. 168.) 

2F=0, which gives iT — (7 cos /? = ; 

2X = Mpj which gives G sin a — yir= {G -t- g)p ; 

while (from § 56) j> = 2aj -=- f. 

Ilence, by elimination, x and the corresponding time t having 
been observed, we have for the coefficient of friction of motion 



/=tan/J~ 



2a? 

fff C0S)5' 
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In view of (3), § 157, it is evident that if a value >S„ lias been 
found experimentally for P such that the block, once started hy 
hand^ preserves a uniform motion down the plane, then, since 
tan P^ =y for friction of motion, P^ naay be less than the /? 
in Fig. 168, for friction of rest. 

159. Another apparatus consists of a horizontal plane, a pul- 
ley, cord, and two weights, as shown in Fig, 59. The masses 
of the cord and pulley being small and hence neglected, tiie 
analj^sis of the problem wh^n: 6'^ is so large as to cause an ac- 
celerated motion is the same as in that example [(2) in § 57], 
except in Fig. 60, where the finctional resistance /-ZV^ should be 
put in pointing toward the left. iT still = 6?^, and .*. 

8-f0,=:{0,'-'g)p\ (1) 

while for the otlier free body in Fig. 61 we have, as before, 

G^8={G-^g)p (2) 

From (1) and (2), 8 the cord-tension can be eliminated, and 
solving for ^, writing it equal to 2« -^ ^, « and t being the ob- 
served distance described (from rest) and corresponding time, 
we have finally for friction of motion 

■^-tf. G, • gf t^) 

If O, Fig. 59, is made jnst sufficient to start the block, or 
sledge, <?„ we have for the friction of rest 

/=! • ■ • « 

180. Kesnlts of Experiments on Sliding Friction. — Professor 
Thureton in his article on Friction (which the student will do 
well to read) in Johnson's Cyclopsedia gives the following 
epitome of results from General Morin's experiments (made 
for the French Government in 1883) : 
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TABLE FOR FRICTION OF MOTION. 



Ho. 


8urfU3«. 


Uogumt. 


Aii^4. 


/=t«i*. 




Wood OD wood. 


None. 


14' to 36 ■ 


0.23 to 0.50 




Vfood ou wood. 


Soap. 


a" loll " 


0.04 to o.ao 




Metal ou wood. 




sec to 31 ■ 


0.50 to 0.60 




MeUl on woiid. 


Waler. 


15- 1020 


0,25 to 0.85 




MtiUtl ail wood. 


Soap. 


iir 


0.20 




l.eallier od mHUl. 






0.00 




LfiBilier on metal. 


GreaBed. 




U.2» 




LcAtlier on metal. 


Wnler. 


20' 


o.ao 




LeatUer on iiittal. 


Oil. 


8i* 


0.15 




811100 1 Lest ftud best 










lubricated Burlatcs, 




UMo 2' 











For frictioti of rest, about 4o^c may be aJdcil to tbe coefli- 
eieiite in the above table. 

In dealing with the etone bIo(?k3 of an ardi-iiiig, ip is com- 
monly taken = 30°, i.e., / = tan 30° = 0,5S ae a low safe 
valae; it is cuneidei-ed that if tliciiii^otion of pressure between 
p two stones makes an angle > 30° witli the not'mal to the joint 
* (eeo § 161) slipping ma/ take place (the adhesion of cement 
being neglected). 

General Morin stafee that for a elodge on dry gtoundy = 
abont 0.6C. 

"VVelsbach gives for motal on metal, ili^y {R.R. hrukee for 
example),/ = from 0.15 to 0.24. Trantwine's Pocket-Boob 
gives values oif for numeious cases of friction. 

161. C«ne of Friction.— Fig. 170. Let A and B be two 
rough blocks, of which B is immovable, and P the resnltant 
of all the forces acting on A, except the prefi- 
gure from 5. B can fnrtiish any reqnired 
normal pressure .ZV to balance P cos fl, bnt 
the limit of itB tangential resistance is ^fJV. 
So long then as /3 is < 9» the angle of fric- 
tion, or in other words, so long as the line of 
action of i* is within the " cone offritAlon" 
living OG about ON, the block A will not 
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slip on B^ and the tangential resistance of B is simply P sin 
/? ; but if /? is > 9>, this tangential resistance being onlyj^iT 
and < P sin >S, A will begin to slip, with an acceleration. 

162. Problems in Sliding Friction. — In the following prob- 
lenisy is supposed known at points where rubbing occurs, or 
is impending. As to the pressure N to which the friction is 
due, it is generally to be considered unknown until determined 
by the conditions of the problem. Sometimes it may be an 
advantage to deal with the single unknown force P (resultant 
b\ N^iu^fN) acting in a line making the known angle ^ with 
the normal (on the side away from the motion). 

Problem 1. — Required the value of the weight -P, Fig. 171, 
the slightest addition to which will cause motion of the hori- 
zontal rod OB^ resting on rough planes at 45®. The weight 
O of the rod may be applied at the 
middle. Consider the rod free; at 
each point of contact there is an un- 
known iV^ and a friction due to it 
fN\ the tension in the cord will be p 
= P, since there is no acceleration 
and no friction at pulley. Notice fio. m. 

the direction of the frictions, both opposing the impending 
motion. [The student should not rush to the conclusion that 
If and iTj are equal, and are the same as would be produced by 
the components of G if the latter were transferred to A and 
resolved along AO and AB ; but should await the legitimate 
results deduced by algebra, from the equations of condition 
for the equilibrium of a system of forces in a plane. Few 
problems in Mechanics are so simple as to admit of an imme- 
diate mental solution on inspection ; and guess-work should be 
carefully avoided.] 

Taking an origin and two axes as in figure, we have (eqs. 
(2), § 36), denoting the sine of 45® by m, 

2X /ivr+m6^-iV^-P=:0;. . (1) 

2Y ]!f^j^f]!f^ mG = 0;. . (2) 

2{Pa) fNa^Na--- Gh =^ Q. . . (3) 
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The three uuknowiia P, iT, and iT, can now be found. 
Divide (3) by a, remembering that fi : a = m, and eolre for 
If; snbstitnte it iu (2) and N, also becomes knowii ; wtiile P 
is then fonnd from (1} and is 



2m/g /V^ 



. G. 




Pbobleu 2. — Fig, 172. A rod, centre of gravity at middle, 
leans against a rough wall, and rests on an equally rough floor; 
J how small may the angle a become before it 
, slips t Let a = the half-length. The fignre 
/ shows the rod free, and following the sugges- 
l tion of § 162, a single unknown force /*, 
^ making a known angle <p (whose tan =f) 
with the normal DE, is put in at D, leaning 
away from the direction of the impending 
motion, instead of an iT and fif; similarly 
Fio. iw. /*, acts at C. The present system consisting 

of but three forces, the most direct method of finding a, with- 
out introducing the other two unknowns /*, and P, at all, is 
to use tlie principle that if three forces balance, their lines 
of action must intersect ia a point. That is, /*, must inter- 
sect tlie vertical containing G, the weight, in the same point 
as i*,, viz., A. 

Now HA, and also £U, = a cos a, 
.*. ED = a cos a cot 9 and AB = a cos a tan ip. 
But DF, which = 2a sin a, = DE~ AB ; 

.". 2a sin a = a cos a [cot 9> — tan <p\. . . (1) 
Dividing by cos or, and noting that tan <p —/= 1 -i- cot p, 
we obtain for the required valae of a 

1 1 -/' 
tan « = 2 . —^ 

after.Bome trigonometrical reduction. That is, < 
plement of double the angle of friction. 



and finally, tan c 



cot 29>, 

: is the com- 
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Problem 3. — Fig. 173. Given the resistance Qj acting 
parallel to the fixed guide C, the angle flf, and the (equal) co- 
efficients of friction at the rubbing surfaces, required the 
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amount of the horizontal force -P, at the head of vthe block A 
(or wedge\ to overcome Q and the frictions. D is fixed, and 
db is perpendicular to cd. Here we have four unknowns, viz., 
Py and the three pressures N^ iV,, and iT,, between the blocks. 
Consider A and B as free bodies, separately (see Fig. 174), re- 
membering Newton's law of action and reaction. The full 
values (e.g.,yW) of the frictions are put in, since we suppose 
a slow uniform motion taking place. 
For A, ^X= and 2Z= give 

iTj — iTcos a +/iV'sin at — Psin at = ; . . (1) 

/ir,+iV^sina+/Zrco8£r — Pcos^r = 0. . . (2) 

For B, ^Xand -2 Z give 

<2-iVr+/iVr = 0;....(3) and iT, -/ir, = 0. . . . (4) 

Solve (4) for iT, and substitute in (3), whence 

Nll-f')=Q (5) 

Solve (2) for iT, substitute the result in (1), as also the value 
of N^ from (5), and the resulting equation contains but one un- 
known, P. Solving for P, putting for brevity 

y* cos flf + sin a = m and cos a — y*sin a = n, 

(m+/7i)<2 



we have P = 



(n . cos flf + m . ain ar)(l —/"')' 



(6) 
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J^umerical Example of Problem 3.— If Q =: 120 lbs., / 
= 0.20 {an abstract numb^, and .■. the same in aiiy nystem. of 
units), while a = 14°, whose siue = 0,240 and cosine = .970, 
then 

m = 0.2X.9T -f 0.24 = 0.43 and n ■= .97 -.2X.24 = 0.92, 
whence P = 0.64^ = 76.8 lbs. 

While the wedge movea 2 inches P does the work (or exerts 
an energy) of 2 X 76.80 = 153.6 in.-lbfi. = 12.8 ft.-lbs. 

For a distance of 2 inches described by the wedge horizon- 
tally, tlie block B (and .■. the resistance Q) has been moved 
throngh a distance = 2 X sin 14** = 0.48 in. along the gnide 
C, and hence the work of 120 X 0.4S = 67.6 in.-lbs. lias been 
done upon Q. Therefore for tlie sujiposed portion of the 
motion 153.6 — 57.6= 96.0 in.-lbs, of work has been lost in 
friction (converted into heat). 

It is noticeable in eq. (6), that if yslionJd ^ 1.00, /' = cc ; 
and that Ma— 90°, P = Q, and thei-e is no friction (the 
weights of tiie blocks have been neglected). 

Problem 4. JVumerical. — With wliat minimnm pivsEnrc 
P shonld the pulley A be held against Ji. whicli it drives by 

n pu " frictiotial gearing," to transmit 2 H.P.; 

> - — - p----h ' ~> if « = 45°'. /■ for impending (relative) 
riLl , N motion, i.e., for impending slipping = 

F,o. m. 0.40, and the velocity of the pulley-rim 

is 9 ft. per second ? 

The limit-valne of the tangential "grip" 

T= 2/iV^ 2 X 0.40 X ^ sin 45", 
2 H. P. = 2 X 550 = 1100 ft.-lbs. per second. 
Putting r X 9 ft. = 1100, we Lave 

3 X 0.40 xVixPxQ = 1100 ; .■.P = 215 lU. 
Problem 6. — A block of weight G lies on a rough plane, 
inclined an angle /? from the horizontal ; find the pull P, mak- 
ing an angle a with the first plane, which will maintain a uni- 
form motion up the plane. 
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Pboblem 7. — Same as 6, except that the pall P is to pei-mit 
a nuiform motion doion the plane. 

Fbobleh 8. — The tliruBt of a screw-propeller is 15 tone. 
Tlie ring againet which it ie exerted has a mean radius of 8 
incliee, tlie abaft makes one revolution per second, and^ = 0.06. 
Beqnired the H. P. lost in friction from this canee. 

163. The Bent-Lever witb rrietion. Worn Bearing. — Fig. 
176. Neglect the weight of the lever, and suppose the plumb- 
er-block BO worn tliat there is 
contact along one element only of 
the shaft. Given the amount and 
line of action of the resistance S, 
and the line of action of P, i-e- 
quircd tlie amount of the latter for 
impendingelippingin the direction ' 
of the dotted arrow. As P grad- 
ually increases, the shaft of the 
lever (or gear-wlieel) rolls on its 
bearing nntil the line of contact has reached some position A, 
when rolling ceases and slipping begins. To find A^ and the 
value of P, note that the total action of the bearing upon the 
lever is some force P^, applied at A and making a known 
angle ip{f=ion ip) with the normal AC. P, must be equal 
and opposite to the resultantof the known S and the unknown 
P, and hence graphically (a graphic is mncli simpler here than 
an analytical solution) if we describe about Ca. cii'cle of radius 
= T sin ?>, r being tlie radius of shaft (or gudgeon), and draw 
a tangent to it from D, we determine DA as the line of action 
of P,. If BG is made = 5, to scale, and GF drawn parallel 
toP ... P,P IB determined, being = PF, while P, = DF. 

If the known force P is capable of acting as a working force, 
by drawing the other tangent PB from P to the "friction- 
circle," we liave P ^ PS, and P, ^ P.^, for impending 
rotation in an opposite direction. 

If P and P are the tooth-pressures npon two spur-wheels, 
keyed upon the same shaft and nearly in the same plane, tho 
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°| = [P,sm 



Bamo constinictioDs liolJ good, and for a contiiinons uniform 
motion, since tlie friction = P, ein <p, 
tlio woi'k lost in friction \ 
per revolution, 

It is to 1)6 remarlted, that without friction P, wonid paea 
throngli C, and tliat tlie moments of P and P wonld balance 
about C (for rest or nniform rotation) ; wliereas with friction 
tliey balance abont the proper tangent-point of tbe fiiction- 
cirele. 

Another way of stating thJe is as follows : So long as the 
resultant of P and R falls within the " dead-angle" BDA, 
motion is impossible in either direction. 

If tlie weight of the lever is considered, the resnltant of it 
and the force R can be eubstituted for the latter in the fore- 
going. 

164. Bent-Lever with Friction. Triangular Bearing. — Like 
the preceding, the gndgeon is much exaggerated in the figure 
D ^ (177). for impending rotation in 

direction of the force P^ the total 
actions at A, and A^ mnst iie in 
known dii'cctions, making angles = <p 
with the respective normals, and in- 
clined away from tlie slipping. Join 
the intei-sectiona D and L. Since 
the resultant of P and P at D must 
act along PL to balance that of P, 
and P^, having given one force, say 
^•o- !"■ P, we easily find P = PF, while 

P, and P, = ZJIf and X3''i-espectively,Z0 having been made 
= PP, and the parallelogram completed. 

(If thedirection of impending rotation is reversed, the change 
in the constrnction is obvious.) If P, = 0, the ease redncea 
to tliat in Fig, 176 ; if the construction gives P, negative, the 
supposed contact at A, is not realized, and the angle A^OA^ 
diould bo inereaaed, or shifted, until P, is positive. 

As before, P and E may be the tooth- pressnrea on two 
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Bptir-wlieels nearly in the same plane and on the Bame shaft ; 
if 80, then, for a nniform i-otation, 
"Work lost in fric. per revel. = [i*, sin ?> + P, sin <p\^nr. 

166. Axle^Trictioo. — The two foi-egoing articles are intro- 
dactbrj to tlie subject of axle friction. When the bearing is 
new, or nearly bo, tlie elemente of the axle which are in contact 
with the beai-ing are iufiiiite in number, thus giving an infinite 
nnmber of unknown forces similar to /*, and /*, of the last 
paragraph, each making an angle tp with its normal. Kefined 
theories as to the law of distnbution of these preseni'es are of 
little use, considering the uncertainties as to the value of 
y ( = tan <p) ; hence for pi-actical purposes axle-friction maj be 
written 

in which f 'n & coefficient of aaHe-friction derivable from 
experiments with axles, and ^ the resultant pressure on the 
bearing. In some cases R may be partly due to the tiglitness 
of the bolts with which the cap of the bearing is fastened. 

As before, the work loat in overcoming axle-friction per 
resolution ia ^^fRlnr, in which r is the radius of the axle. 
f, like/, is an abstract nnmber. As in Fig. 176, a "friction- 
circle," of radius =/*»> may be consideied as subtending tlie, 
" dead-angle." 

166. Experiment! with Axle-Friotioit.— Prominent among 
recent experiments have been those 
of Professor Thurston (187a-73), 
who invented a special instrument 
for that purpose, shown (in princi- 
ple only) in Fig. 178. By means of 
an internal spring, the amount of 
whose compression is read on a scale, < 
aweighted bar or pendulum is caused 
to exert pressure on a projecting axle 
from which it is sns])ended. The 
axle is made to rotate at any desired fio. its. 

Telocity by some source of power, the axle-friction causing 
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tiia peadnlum to remain at rest at some angle of deviation 
from tiio vertical. The figure shows tlie pendulum free, the 
action of gravity upon it being G, that of the axle coiisistiiig 
of the two preasiiros, each = R, and of the two frictions (each 
being F=fR), due to them. Taking moments about C, we 
have for eqiiilibrinm 

If Br = Gb, 

in whicli all the quantities except y are known or observed. 
The temperatnre of the bearing is also noted, with refei-ence 
to its effect on the bihricant employed. Thus the inslrnraeut 
covers a wide range of relations. 

General Horin's esperimentB as interpreted by Weisbacli 
give the following practical results: 

1[- 0.054 for well'Biietained 
J luhrieution ; 
•^ ~ 1 0.07 to .03 for oi-dinary 
I lubrication. 

By "pressure per square incli on the l)earing" is commonly 
meant the quotient of the total premure in Us. by the area in 
square iiichea obtained by multiplying tlie width of tlie asle by 
tiie length of bearing (this length is quite commonly four times 
the diameter) ; call it j7, and the velocity of rubbing in/eft per 
viinuie, v. Then, according to Rankine, to prevent overheat- 
ing, we should have 

j>(v 4- 20) < 44S00 . . . (not liomog.). 

Still, in marine-engine bearings pv atone often readies 60,000, 
as also in some locomotives (Cotterill), Good practice keeps 
p within the limit of 800 (ibs, per sq. in.) for other metals 
than steel (Thurston), for which 1200 is sometimes allowed. 

With « = 200 (feet per min.) Professor Thurston fonnd that 
for oi-dinary lubricants p should not exceed values ranging 
from 30 to 75 (lbs. per sq. in.). 

The product pv is obvionsly proportional to the power ex- 
pended in wearing the rubbing surfaces, per unit of area. ' 
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167. Friotion-WheelB. — A single example of tlieir nee will 
be given, witli some approximations to avoid complexity. Fig. 
179. 6 ia the weight of a heavy wheel, P, is a known vertical 
resistance (tootb-pressnre), and P an 
unknown vei-tical working force, 
whose value is to be determined to 
maintain a unifonn rotation. The 
utility of the friction-wheels is also . 
to be shown. The resnltatit of P„ 
Gy and P is a veitical force R, pass- 
ing nearly tlirongh the centre C of f 
the main axle which rolls on the fonr L ^ - ^ ^ _ r - 
friction-wheela. J2, resolved along *^ ^~-~^.... 
€A and CB, produces (nearly) eqnal fw. vi. 

pi-esanres, each being N ■= B-r-^ cos a-, at the two axles of 
the friction- wheel a, which rub against tlieir fixed plumber- 
blocks. P = P -j- -^i + ''n *"^ •'• contains the unknown P, 
but approximately = ff + 2P„ i-e,, is Tiearly the same (in this 
case) whetlier friction-wheels are employed or not. 

When O makes one revolntion, the friction y^iV at eacli axle 
C^ is overcome through a distance = (r, : o,) Inr, and 
Work lost per revol. ) 
with 
friction-wheele, 
Whereas, if C revolved in a fixed bearing, 
Work lost per revol. 1 

witliont \ —fR%nr. 

friction<wheelB, ) 
Apparently, then, there is a saving of work in the ratio r, : 
0, cos a, but strictly the R is not qnite the same in the two cases ; 
for with friction-wheels the force P is less than without, and R 
depends on P as well as on the known Q and P,. By dimin- 
ishing tlie ratio r^ : o„ and the angle a, the saving is increased. 
If a were so large that cos a < »■, ; a„ there would bo no saving, 
bat tlie reverse. 

As to the value of P to maintain nniform rotation, we have 
Id 
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for equilibrium of moments about Cy with friction-wheels (con- 
sidering the large wheel and axleyre^), 

Ph = PA + ^Tr, (1) 

in which T is the tangential action, or "grip/' between one 
pair of friction-wheels and the axle C which rolls upon them. 
T' would not equal yiT unless slipping took place or were im- 
pending at Ej but is known by considering a pair of friction- 
wheels free, when 2 {Pa) about C^ gives 

* -^ * "^ 2 cos a' 
which in (1) gives finally 

^ = '^^'+^;^J'^l (2) 

Without friction- wheels, we would have 

P = |ji>.+/4 (3) 

The last term in (2) is seen to be less than that in (3) (unless 
a is too large), in the same ratio as already found for the saving 
of work, supposing the i?'s equal. 

If Pj were on the same side of C' as P, it would be of an 
opposite direction, and the pressure H would be diminished. 
Again, if P were horizontal, P would not be vertical, and the 
friction-wheel axles would not bear equal pressures. Since P 
depends on P„ G^ and the frictions^ while the friction depends 
on -ff, and R on P„ G^ and -P, an exact analysis is quite 
complex, and is not warranted by its practical utility. 

Example, — If an empty vertical water-wheel weighs 25,000 
lbs., required the force P to be applied at its circumference to 
maintain a uniform motion, with a = 15 ft., and r = 5 inches. 
Here P^ = 0, and R'=- G (nearly ; neglecting the influence of 
P on R), i.e., R = 25,000 lbs. 

Firsts without friction-wheds (adopting the foot-pound-sec- 
ond system of units), with/^ = .07 (abstract number). From 
eq. (3) we have 

P = + 0.07 X 25,000 X (tV -^ 15) = 48.6 lbs. 
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The work lost in friction per revolution is 
fR^nr = 0.07 X 25,000 X 2 X 3.U X A = *580 ft-lbs. 

Secondly^ with friction-wheeUy in which r^ : a, = ^ and 
cos a = 0.80 (i.e., a = 36°). From eq. (2) 

P = + 1 . J^ X 48.6 = onlj 12.15 lbs., 

while the work lost per revolution 

= I . jyi X 4580 = 1145 f t-lbs. 

Of course with friction- wheels the wheel is not so steady as 
without. 

In this example the force P has been simply enough to 
overcome friction. In case the wheel is in actual use, P is the 
weight of water actually in the buckets at any instant, and does 
the work of overcoming P„ the resistance of the mill machinery, 
and also the friction. By placing P, pointing upward on the 
same side of (7 as P, and making J, nearly = J, jB will = O 
nearly, just as when the wheel is running empty; and the 
foregoing numeiical results will still hold good for practical 
purposes. 

168. Friction of Pivots. — In the case of a vertical shaft or 
axle, and sometimes in other cases, the extremity requires sup- 
port against a thrust along the axis of the axle or pivot. If 
the end of the pivot is^^ and also the surface 
against which it rubs, we may consider the 
pressure, and therefore the friction, as uniform 
over the surface. With a flat circular pivot, 
then. Fig. 180, the frictions on a small sector 
of the circle form a system of parallel forces 
whose resultant is equal to their sum, and is ^'®* ^^' 
applied a distance of |r from the centre. Hence the sum of 
the moments of all the frictions about the centre T=zflt\r^ in 
which R is the axial pressure. Therefore a force P necessary 
to overcome the friction with uniform rotation must have a 
moment 

Pa =fR\r, 
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ami tiie work lost in friction per revolution is 

=fIii7r.\r = \itfIiT. .... (1) 

Ab the pivot and etep become worn, the resultant frictions 
in the 6uiall Bectors pj-obahly appioacli the centre ; for the 
greatest wear occars Jiret near the enter edge, since there the 
product^ is greatest (see § 166). Hence for-|r we may more 
reasonably put ^r. 

£xainj>le.—~A vertical flat-ended pivot presseB its step with 
a force of 1 3 tons, is 6 inches in diameter, and makes 40 revolu- 
tions per minnte. Ileqnired the 11. P. absorbed by the friction. 
Supposing the pivot and step new, and J" for good lubrication 
= 0.07, we have, from eq. (1) {fooUlh.second), 

Work lost per revolution 

= .07 X 24,000 X 6.23 X I ■ i = 1758.4 fL-lbe., 
and .'. vork per second 



= 1758.4 X 



= 1172.2 ft.-lbs., 



whioli ■— 550 gives 2.13 H.P. absorbed in friction. If ordi- 
nary axle-friction also occnrs its effect ninst be added. 

If the flat-ended pivot is hoUiyw, with radii r, and r„ we may 
put ^{r^ + r,> instead of the f /- of ihe preceding. 

It IB obvions that tlie Bmallcr the lever-arm given to the 
resnltant friction in each sector of the rubbing surface the 
smaller the power lost in friction. Hence pivots should be 
made as small as possible, consistently with Btrength. 

For a conical pivot and step, Fig. 181, the resnltant friction 

in each sector of the conical bearing surface has 

a lever-arm = %r, abont the axis A, and a value 

> than for a flat-ended pivot ; for, on account 

. of the wedge-like action of tlie bodies, tlie 

presenre causing friction is greater. The sum of 

I the momenta of tlieee resultant frictions about 

A is the same as if only two elements of the 

cone received pressure (each = N = \Ii -r- Bin a). Hence tlie 
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moment (^/riction of the pivot, i.e., the moment of the force 
ueccssorj to maintain tmiform rotation, is 

Fa =/3iv|r, =f-^ Ir,, 
•' 3 ' ■' sin a 3 " 

and wort lost per rerolation = ;r7rf-. r,. 

^ 3 ■'biu a ' 

By mskiog r, email enongli, these valaes may be made leea 

than thoae for a flat-ended pivot of the same diametei-. 

In Schiele's " anti-f rictioo" pivots the outline is designed 

according to the following theory for securing nniform vertical 

wear. Let j> = the presenre per 

horisontal unit of area (i.e , 

^ ^ H- horizontal projection of ' 

the actual rtMnng surface), 

this is asenined constant. Let 

the nnit of area be small, for 

algebraic simplicity. The fric- 

ti<m on the nibbing sarface, whose honzontalprojection=anity, 

i&=fN=f{p-^B\a a) (see Fig. 182; the horizontal com- 

ponent of ^ is annnlled by a corresponding one opposite). Tlie 

work per revolntion in producing wear on this area ^=fN%7ty. 

Bat the vertical depth of wear per revolution is to be the same 

at all parts of the snrface; and this implies that the same 

volume of material is worn away under each horizontal unit of 

area. Henceyi^^jry, i.e.,^-T^^2^, is to be constant for all 

valaes of y ; and since j^ and 2v are constant, we must have, 
as the law of the carve, 



This curve is called the "tractrix." Scliiele's pivots give a 
very uniform wear at high speeds. The smoothness of wear 
prevents leakage in the case of cocks and faucets. 

169. Vormal Freunre of Belting. — "Wlien a perfectly flexible 
cord, or belt, is stretched over a smooth cylinder, both at rest, 
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the action between tliem is nonnal at every point. As to its 
. * ^ I - amount, jj, per linear unit of arc, the fol- 
' ' * lowing will determine. Consider a Bemi* 
circle of the cord free, neglecting its weight. 
Fig. 183. The force holding it in eqoilib- 
riam are the tensions at the two ends (diese 
are equal, manifestly, the cylinder being 
smooth ; for they are the only two forces 
''/^~Tj'~^ having moments about C, and each has the 
Via. IBS, aaTTie lever-arm), and the normal preseui-es, 

which arc infinite in number, but have an intensity, j), per 
linear unit, which must be constant along the curve since S is 
the same at all points. Tlie normal pressure on a single ele- 
ment, de, of the cord is = pds, and its X component = 
pda COB $ =j>rdd cos 0. Hence SX= gives 

rpj^ cos^rf^ — 25=0, i.e.,)yr Bin6» = aS; 




.. ^[1 _ (_ 1)] = 2-S or i> = -. 



(1) 



170. Belt o& Bough Cylinder. Ititp«&diiig SUpping.— If fric- 
tion is possible between the two bodies, the tension may vary 
along the arc of contact, so that j> also varies, and consequently 




the friction on an element de being ■=fpd8 =/{S -=- r)ds, also 
varies. If dipping is impending, the law of variation of the 
tension S may be fonnd, as follows : Fig. 184, in which the 
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impending slipping is toward the left, shows the cord free. 
For any element, dsy of the cord, we have, putting 2 (moms, 
about = (Fig. 185), 

(/S'+ dSy =? /Sr + dFr ; i.e., dF= dS, 

or (see above) dS =f(j8 -i- r)ds. 
But ds = rdd ; hence, after transfonning, 

fde = ^. (1) 

In (1) the two variables 6 and S are separated ; (1) is there- 
fore ready for integration. 



'''ffy^=j^-s"^''^'^ 



/«=lo&>S;-log,>S; = log,[|]. (2) 

Or, by inversion, S^ef"" = /Si», (3) 

«, denoting the Naperian base, = 2.71828 +; a of course is in 
;r.measure. 

Since S^ evidently increases very rapidly as a becomes 
larger, S^ remaining the same, we have the explanation of the 
well-known fact that a comparatively small tension, S^^ exerted 
by a man, is able to prevent the slipping of a rope around a 
pile-head, when the further end is under the great tension S^ 
due to the stopping of a moving steamer. For example, with 
y = J, we have (Weisbach) 

f or flf = J turn, or a = ^tt, S^ = 1.69S^ ; 

= i turn, or a = ;r, /S'.j = 2.S5S^ ; 

= 1 turn, or a = ^n, S^ = 8.125; ; 

= 2 turns, or a = 4;r, S^ = 65.94/S', ; 

= 4 turns, or a = 8;r, S^ = 4348.56/S;. 

If slipping actually occurs, we must use a value of y for fric- 
tion of motion. 

Examtple. — A leather belt drives an iron pulley, covering 
one half the circumference. What is the limiting value of the 
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ratio of S^, (tension on driving-side) to S^ (tension on follow- 
ing side) if the belt is not to slip, taking the low valae of 
y* z=: 0.25 for leather on iron ? 

We have given yVr = 0.25 X «' = .7854, which by eq. (2) is 
the Naperian log. of {S^ : S^) when slipping occurs. Hence the 
common log. of {S^ : S,) = 0.7854 X 0.43429 = 0.34209 ; i.e., 
if 

(Sn : S,) = 2.198, say 2.2, 
the belt will slip (for/ == 0.25). 

(0.43429 is the modulus of the common system of loga- 
rithms, and = 1 : 2.30258. See example in §48.) 

At very high speeds the relation^ = xS" -=- r (in § 169) is not 
strictly true, since the tensions at the two ends of an element 
ds are partly employed in furnishing the necessary deviating 
force to keep the element of the cord in its circular path, the 
remainder producing normal pressure. 



171. Transmission of Power by Belting or Wire Bope. — ^In the 

simple design in Fig. 186, it is required to find the motive 
weight O^ necessary to overcome the given resistance ^ at a 
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uniform velocity = -y, ; also the proper stationary termon 
weight G^ to prevent slipping of the belt on its pulleys, and 
the amount of power, Z, transmitted. 
In other words, 



Given : 



( i?, a, r, a„ r,; a = ;r for both pulleys, ) 
t -y,; andy* for both pulleys ; f 



-p . , ( Z ; G^^, to furnish Z ; G. for no slip ; v the velocity 
*\oi G\ v' tliat of belt ; and the tensions in belt. 
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ITeglecting axle-friction and the rigidity of the belting, the 
power transmitted is that required to overcome li through a 
distance = v^ every second, i.e., 

L^Rv, <1) 

Since (if the belts do not slip) 



we have 



a : ri:v' : v^ and a^ : r^v.v' : v^y 



i;' = —v.. and -y = v.. 



(2) 



Neglecting the mass of the belt, and assuming that each pul- 
ley revolves on a gravity-axis, we obtain the following, by con- 
sidering the free bodies in Fig. 187 : 




(A fiee) 



(B free) 



(B and touck Cdb.^ 
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-2 (moms.) = Oin J./r^ gives Rr^ = {S^ — 8^^^ ; . (8) 
2 (moms.) = in ^ free gives Chr = (JS^ — S^a ; . (4) 



whence we readily find 



r a, 



Evidently R and O are inversely proportional to their velo- 
cities v^ and V ; see (^.^ This ought to be true, since in Fig. 
186 O is the only working-force, R the only resistance, and 
the motions are uniform ; hence (from eq. (XVI.), § 142) 

€h-- Rv,=: 0. 
2X = Ojf or £ and truck free, gives 

G, = S^+S,, (5) 

while, for impending slip^ 

(6) 



-S-, = S.ef'. 
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By elimination between (4), (5), and (6), we obtain 

^* — ^ a ' et"- — \~ v' ' et' — V ' ' ' ^' 
„ L ef 
and °* — v'' ef' — V ^^> 

Hence G^ and S^ ybvj directly as the power transmitted and 
inversely as the velocity of the belt. For safety G^ should be 
made > the above value in (7) ; corresponding values of the 
two tensions may then be found from (5), and from the rela- 
tion (see § 150) 

{S^-Sy^Z {6a) 

These new values of the tensions will be found to satisfy the 
condition of no slip, viz., 

For leather on iron, e^" = 2.2 (see example in § 170), as a 
low value. The belt should be made strong enough to with- 
stand Sn safely. 

As the belt is more tightly stretched, and hence elongated, 
on the driving than on the following side, it " creepi^ back- 
ward on the driving and forward on the driven pulley, so that 
the former moves slightly faster than the latter. The loss of 
work due to this cause does not exceed 2 per cent with ordinary 
belting (Cotterill). 

In the foregoing it is evident that the sum of the tensions in 
the two sides = G^^ i.e., = a constant, whether the power is 
being transmitted or not ; and this is found to be true, both in 
theory and by experiment, when a tension-weight is not used, 
viz., when an initial tension 8 is produced in the whole belt 
before transmitting the power, then after turning on the latter 
the sum of the two tensions (driving and following) always 
= 2/i9, since one side elongates as much as the other contracts ; 
it being understood that the pulley-axles preserve a constant 
distance apart. 

172. Boiling Friction. — The few experiments which have 
been made to determine the resistance oflFered by a level road- 
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way to the uniform motion of a roller or wheel rolling npon it 
corroborate approximately the following theory. The word 
friction is hardly appropriate in this connection (except when 
the roadway is perfectly elastic, as yviH be seen), but is sanctioned 
by usage. 

JFtrsty let the roadway or ti*ack be compressible, but inelastic^ 
G the weight of the roller and its load, and P the horizontal 
force necessary to preserve a unifonn motion 
(both of translation and rotation). The track 
(or roller itself) being compressed just in 
front, and not i-eacting symmetrically from 
behind, its resultant pressure against the 
roller is not at vertically under the centre, 
but some small distance, OD = 5, in front. (The Successive 
crushing of small projecting particles has the same efiFect) 
Since for this case of motion the forces have the same relations 
as if balanced (see § 124), we may put 2 moms, about i> = 0, 

.\Fr=Ghi or, F = --G. ... . (1) 

Coulomb found for 

Rollers of lignum- vitse on an oak track, h = 0.0189 inches; 

Rollers of elm on an oak track, h = 0.0320 inches. 

"Weisbach's experiments give, for cast-iron wheels 20 inches in 
diameter on cast-iron rails, 

h = 0.0183 inches ; 
and Rittinger, for the same, h = 0.0193 inches. 

Pambour gives, for iron railroad wheels 39.4 inches in diameter, 

I = 0.0196 to 

0.0216 inches. 

According to the foregoing theory, P, the " rolling friction" 
(seeeq. (1)), is directly proportional to G, and inversely to the 
radius, if h is constant. The experiments of General Morin and 
others confirm this, while those of Dupuit, Poir6e. and Sauvage 
indicate it to be proportional directly to Gy and inversely to the 
square root of the radius. 
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AltLongli J is a dUitance to be expressed in linear nnits, and 
not an abstract nnmber like the f and J' for eliding and axle- 
fpiction, it is BometimeB colled a "coefficient of roiling fric- 
tion." In ec[. (1), h and r elionld bo expressed in the aame 
unit. 

Of course if P is applied at tlie top of the roller its lever- 
arm about D is 2r instead of r, with a corresponding change 
in eq. (1). 

With ordinary railroad eara the resistance due to axle and 
rolling frictions combined is about 8 lbs. per ton o£ weight on 
a level track. For wagons on macadamized roads ^ = ^ inch, 
bnt on soft ground from 2 to 3 inches. 

Secotidli/, when the i-oadway ia pei^ectli/ elastic. Tliis is 
chiefly of theoretic interest, since at first sight no force would 
be considered necessary to maintain a uniform rolling motion. 
But, as the material of ttie roadway ia compressed under tlie 
roller its snrface is firet elongated and then recovers its former 
state ; hence some rnbbing and conseguent'sliding friction mnst 




occnr. Fig. 1S9 gives an exaggerated view of the circnm- 
stances, P being the horizontal force applied at the centre 
iieceeeary to maintain a uniform motion. The roadway (m!)- 
ber for instance) is heaped up both in front and behind the 
roller, O being the point of greatest pressure and elongation 
of the snrface. Tlie forces acting are G, P. the normal 
pressures, and the frictions dne to them, and must form a 
balanced system. Hence, since G and P, and also the normal 
pressures, pass through C, the resultant of tlie fiietions must 
also pass tlii-ongh C', therefore the frictions, or tangential 
actions, on the roller must be some forward and some backward 
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(and not all in one direction, as seems to be asserted on p. 260 
of Cotterill's Applied Mechanics, where Professor Reynolds' 
explanation is cited). The resultant action of the roadway 
upon the roller acts, then, through some point i>, a distance 
OD = h ahead of (?, and in the direction DC^ and we have as 
before, with ^ as a centime of moments. 



Pt = Gl, or 



T 



If rolling friction is encountered aJx/oe as 
well as bdow the rollers, Fig. 190, the 
student may easily prove, by considering j 
three separate free bodies, that for uniform 
motion 



P = '-i^o. 



(2) 




where b and 5, are the respective " coefficients of rolling fric- 
tion" for the upper and lower contacts. 

Exaraple 1. — ^If it is found that a train of cars will move 
uniformly down an incline of 1 in 200, gravity being the only 
working force, and friction (both rolling and axle) the only 
resistance, required the coefficient, f^ of axle-friction, the 
diameter of all the wheels being 2r = 30 inches, that of the 
journals 2a = 3 inches, taking h = 0.02 inch for the roUing 
friction. Let us use equation (XVI.) (§ 142), noting that while 
the train moves a distance 8 measured on the incline, its weight 

G does the work G gj^r *, the rolling friction - G (at the axles) 

has been overcome through the distance «, and the axle-friction 

(total) through the (relative) distance -8 in the journal boxes ; 

whence, the change in kinetic energy being zero, 

^ Gs-'^Gs^^fGs^O. 
T r 



200 



Gs cancels out, the ratios h : r and a : r are = y^Vir ^^^ iVi 
respectively (being ratios or abstract numbers they have the 
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save nnmerical valut-s, wlfttber tbe inch or foot is aged], and 
Bolviog, we have 

/ = 0.05 - O.OOOe = 0.043, 
Sample 2. — How many ponnds of tractive effort per ton 
of load would tlie train iD Example 1 i-eqnii'e foi' uniform mo- 
tion on a level track ? 

173. Soilroad Brakes, — During the uniform motion of a 
railroad car the tangential action between the track and each 
wheel IB small. Tluis, in Example 1, just cited, if ten ears of 
eight wheels each make up the train, eacli car weighing 20 tons, 
the backwai-d tangential action of the rails upon each wheel is 
only 25 lbs. When the brakes are applied to stop the train 
this action is much inci'eased, and is the only agency by which 
the rails can retard the train, directly or indirectly: directly, 
when the pressure of the brakes is so great as to preTcnt the 
wheels from turning, thereby causing them to "skid" (i.e., 
slide) on the rails; ■indi?rct7i/, -when tlie briJce-presenre is of 
such a value as still to ]wrniit perfect roiling of the wheel, in 
which case the rubbing (and heatiTig) occurs between the brake 
and wheel, and the tangential action of tlie rail has a value 
equal to or lees than the friction of rest. In the first case, 
then (skidding), the retarding influence of the raile is thefrio- 
tian ofinotion between rail and wheel ; in the second, a force 
which may be made as great as t\\e friction of rest between rail 
and wheel. Hence, aside from the fact that skidding produces 
objectionable flat places on the wlieel-tread, the brakes are 
more effective if so applied that skidding is impending, but 
not actually produced ; for the friction of rest is usually greater 
than that of actual slipping (§ IflO). This has been proved 
experimentally in England. The i-elarding effect of axle and 
rolling friction has been neglected in the above theory. 

ExaTnple 1. — A twenty-ton ear with an initial velocity of 80 
feet per second (nearly a mile a minute) is to be stopped on a 
level within 1000 feet; required the necessary friction on each 
of the eight wheels. 

Supposing the wheels not to skid, the friction will occur 
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between the brakes and wheels, and is overcome through the 
(relative) distance 1000 feet. Eq. (XVI.), § 142, gives (foot- 
Ib.-second system) 

- 8i^X 1000 = - ^ ^J(8^)*. 

from which F { = friction at circumference of each wheel) 
= 496 lbs. 

Kcamjple 2. — Suppose skidding to be impending in the fore- 
going, and tlie coefficient of friction of rest (i.e., impending 
slipping) between rail and wheel to be/* =0.20. In what 
distance will the car be stopped ? 

Example 3. — Suppose the car in Example 1 to be on an up- 
grade of 60 feet to the mile. (In applying eq. (XVI.) here, 
the weight 20 tons will enter as a resistance.) 

Example 4. — In Example 3, consider all four resistances, 
viz., gravity, rolling friction, and brake and axle frictions, the 
distance being 1000 ft., and F the unknown quantity. 

174. Estimation of Engine and Machinery Friction. — Accord- 
ing to Professor Cotterill, a. convenient way of estimating the 
work lost in friction in a steam-engine and machinery driven 
by it is the following : 

Let p^ = mean effective steam-pressure per unit of area of 

piston, and conceive this composed of three por- 
tions, viz., 
p^ = the necessary pressure to drive the engine alone un- 
loaded, at the proper speed ; 
jp'„ = pressure necessary to overcome the resistance caused 

by the useful work of the machines ; 
epf^ = pressure necessary to overcome the friction of the 
machinery, and that of the engine over and above 
its friction when unloaded. This is about \h% of 
p>^ (i.e., e = 0.15), except in large engines, and 
then rather less. 
That is, by formula, F being the piston-area and I the length 
of stroke, the work per stroke is thus distributed : 



MECHANICS OF ENGINEERING. 



in marine engines 2 lbs. or more per 



p, is " from 1 to 1 J, c 
eqnare incli." 

17fi. AnomEilieB ia Friction. — Experiment lias eliown eonsid- 
eruble deviation under certain circumstances from the laws of 
friction, as stated in § 157 for sliding friction. At pressni-es 
below J )b. per sq. inch the coefiicient_/'increaBeB wben the 
presBure decreases, while above 500 Iba. (Rennie, with iron and 
Bteel) it increases with the pi-essure. With high velocities, bow- 
ever, above 10 ft. per second, ^iBiuucli smaller OS the velocity 
increases (Bochet, 1858). 

As for axle-friction, experiments instituted hy the Soclctj' of 
Mechanical Engineers in England (see the London £^ugineeJ' 
for March 7 and SI, 1884) gave vahies for f less than yj^ 
when a " bath" of the lubricant was employed. Tliese values 
diminished with increase of pressure, and increased with the 
Telocity (see below, Hirn's statement). 

Professor Cotterill says, " It cannot be doubted that for 
values of pv (see § 1G6) > 5000 tlie coefficient of friction of 
well- lubricated bearings of good construction diminishes with 
the pressure, and may be mnch less than the vahie at low speeds 
as determined by Morin" (p. 259 of his Applied Meclianics). 

Professor Thnrston'sexperinients confirmed those of Him as 
to the following relation : " The friction of labricated surfaces 
is nearly proportional to the sqnai'c root of tlie area and pres- 
eni-e." Hirn also maintained that, "in ordinaiy macliinery, 
friction varies as tlie square root of the velocity." 



176. Bigidity of fioper — If a rope or wire cable passes over 
8 pulley or sheave, a force P is required on one side greater 
than the resistance Q on the other for uniform motion, aside 
from axle-friction. Since in a given time both P and Q 
describe the same spnce «, if /* is > Q, then P« is > Qa^ i.e., 
the work done by /* is> than that expended upon Q. Tliis 
is because some of the work Pa baa been expended in bending 
tlie stiff rope or cable, and in overcoming friction between the 
strands, both where the rope passes npon and where it leaves 
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the polloy. "With hemp ropes, Fig. 191, the material being 
nearly inelafitic, the energy spent in bending it on at D is 
nearly all lost, and energy mast also be spent in straightening 
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it at E\ but with a wire rope or cable some of this energy is 
restored by the elasticity of the material. The energy spent 
in friction or rubbing of strands, however, is lost in both cases. 
The figure shows geometrically why P must be > Q for a 
uniform motion, for the lever-arm, a, of P is evidently < h 
that of Q. If axle-friction is also considei-ed, we must have 

T being the radius of the journal. 

Experiments with cordage have been made l)y Pix)ny, Cou- 
lomb, Eytelwein, and Weisbach, with considerable variation in 
the results and formulae proposed. (See Coxe's translation of 
vol. i., Weisbaclfs Mechanics.) 

With pulleys of large diameter the effect of rigidity is very 
slight. For instance, Weisbach gives an example of a pulley 
five feet in diameter, with which, Q being = 1200 lbs., P 
= 1219. A wire rope \ in. in diameter was used. Of this 
difference, 19 lbs., only 5 lbs. was due to rigidity, the remainder, 
14 11)S., being caused by axle-friction. When a hemp-rope 1.6 
inches in diameter was substituted for the wire one, P—Q=27 
lbs., of which 12 lbs. was due to the rigidity. Hence in one 
case the loss of work was less than -J of 1%. in the other about 
1%, caused by the rigidity. For very small sheaves and thick 
ropes the loss is probably much greater. 
13 
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177. Miscellaneous Exa^iples. — Example 1. The end of a 
shaft 12 inches in diameter and making 50 revohitions per min- 
ute exerts against its bearing an axial pressure of 10 tons and 
a lateral pressure of 40 tons. With y=y^ = 0.05, required 
the H. P. lost in friction. 

Example 2. — A leather belt passes over a vertical pulley, 
covering half its circumference. One end is held by a spring 
balance, which reads 10 lbs. while the other end sustains a 
weight of 20 lbs., the pulley making 100 revolutions per min- 
ute. Required the coefficient of friction, and the H. P. spent 
in overcoming the friction. Also suppose the pulley turned 
in the other direction, the weight remaining the same. 

Example 3. — A grindstone with a radius of gyration = 12 
inches has been revolving at 120 revolutions per minute, and 
at a given instant is left to the influence of gmvity and Jixle 
friction. The axles tire 1^ inches in diameter, and the wheel 
makes 160 revolutions in coming to rest. Kequired the coeffi- 
cient of axle-friction. 

Exa/mple 4. — A board -4, weight 2 lbs., rests hoiizontally on 

another B\ coefficient of friction of rest between them being 

f = 0.30. B is now moved horizontally with a uniformly 

accelerated motion, the acceleration being = 15 feet per " square 

second ;" will A keep company with it, or not ? 



